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SECTION A (MODULE 2.1)

Answer ALL questions.

1. In the diagram below (not drawn to scale), the line y = 3 cuts the curve y = ™ at the point
(a, b).
Ay
y=e*
=3
(a, b) Y
o,1
’x
Calculate the values of a and b. [4 marks])
2. Differentiate, with respect to x
(a) y = In(3x?), x#0. [2 marks]
(b) y = sin® x cos x. {3 marks]
3. (a) Find the gradient at the point (1,1) on the curve 2xy + y* — 3 = 0. [S marks]
(b) Solve, for x, the equation e — 3e*— 4 = 0. [3 marks}
4, (a) Express in partial fractions
x+1
—_— 5 k
x(x+2) [5 marks]
(b)  Hence, find I—fil— de , x>0 [3 marks]
, x(xt2) , . marks
5. Find Ixz Inx de , x > 0. [5S marks]
Total 30 marks

GO ON TO THE NEXT PAGE
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8.

10.

SECTION B (MODULE 2.2)

Answer ALL questions.

Find the term independent of x in the expansion of (3x — —ﬁ- ). [5 marks]

The first four terms of an A.P.are 2, 5, 2x + v + 7 and 2x — 3y respectively, where x and y

are constants. Find the values of x and y. [8 marks]
(a) Find the sum to n terms of the geometric series

4+2+l+—;+... [S marks]
(b) Deduce the sum to infinity of the series. [2 marks)
I +arYy'=14+ 6x + 16x2 + ...
find the values of the constants @ and n. [6 marks]

A craftsman estimated the side of a square tile to be 16 cm, but the actual measurement was
16.14 cm. Calculate, to two decimal places, the percentage error in the actual measurement of the
area of the tile. [4 marks]

Total 30 marks

GO ON TO THE NEXT PAGE
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12.

13.

14.

18.

-4 .-
SECTION C (MODULE 2.3)
Answer ALL questions.

A bag contains 2 red balls, R, and R,, 1 green ball, G, and 2 black balls, B, and B,. Randomly, two

balls are drawn together from the bag.
{a) Describe the sample space. {2 marks]

(b) Determine the probability that
i) BOTH balls are the same colour [2 marks]

(i1) AT LEAST ONE ball is black. [3 marks]
Only three horses, A, B and C are in a race. The probability that A wins the race is twice the

probability that B wins. The probability that B wins the race is twice the probability that C wins.
Find the probability of winning for EACH of the horses.

[5 marks]
Let A and B be the events such that PA W B) = % , P(A"y = % and P(AN B) = % .
Find:
(a) P(A) [1 mark ]
(b) P(B) [3 marks]
(©) PANE) [3 marks)
(a) Which ONE of the following situations describes a mutually exclusive event?
(i) Selecting either an even or a prime number from the set of real numbers.
>ii) Selecting either a negative integer or perfect square from the set of integers .
(iii) Selecting either a perfect square or an odd number from the numbers 1 to 100.
[1 mark ]

(b} The probability that A hits a target is -i— and the probability that B hits the same target is
—§— . The event that A hits the target is independent of the event that B hits the target. What
is the probability that both A and B hit the target? [5 marks]

A marksman shoots at a target and he either hits the target (H) or misses it (M). The probability of
H is 0.4. He shoots at the target 3 times.
Determine

(a) the elements of the event A associated with the marksman hitting the target EXACTLY

twice [2 marks]
(b) the probability that the marksman hits the target AT LEAST once. [3 marks]
Total 30 marks

END OF TEST
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SECTION A (MODULE 2.1)

Answer BOTH questions.

1. (a) If 2log,2 + log 10 — 31log 3 = 3 + log 5, a>0, find the value of a.

[5 marks]
(b) Find the value(s) of x € R which satisfy 2log,x = log, (x +6). [5 marks]
(©) Complete the table below for values of 2 and ¢* using a calculator, where necessary.
Approximate all values to 1 decimal place.
x -2 -1 0 0.5 1 1.5 2 2.5 3
0.3 1.4 2.8 5.7
e 0.1 1.6 4.5 12.2
[4 marks]
(d) On the same pair of axes and using a scale of 2 cm for 1 unit on the x-axis, 1 cm for 1 unit
on the y-axis, draw the graphs of the two curves
y=2"and y = &for -2 < x <3 {7 marks]
{e) Use your graphs to find
(1) the value of x satisfying 2* = ¢ [2marks]
(i) the SMALLEST INTEGER x for which ¢ — 2" > 3. [2 marks]
Total 25 marks
2. (a) Differentiate, with respect to x, EACH function below. Simplify your answers as far as
possible.
. e*
k
1) 1 [S marks]
(i) tan® (x%) . [5 marks]
(b) Use the substitution # = sin x to find
I &M cos x dx . [5 marks}
(© The parametric equations of a curve are given by
x=3_2t,y=11-1).
. ., dy .
(i) Find 7 terms of . [4 marks]
(i) A normal to the curve is parallel to the line x + ¥ = 2. Find the equation of this
normal. [6 marks)]

Total 25 marks

GO ON TO THE NEXT PAGE
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3. (a)
(b)
(<)
4, (a)
(b)

SECTION B (MODULE 2.2)

Answer BOTH questions.

A sequence of real numbers {",,} satisfies the recurrence relation:
ul = l’ un“lri—l = 2.
(i) Show that 1, , = u, . {2 marks]
(i) Giventhat a = u,  + u and b = u  — u , write down the first FOUR terms
of each of the sequences {u" } ’ {a"} and {bn } . [6 marks]
(1i1) State which of the sequences in (ii) above is convergent, divergent or periodic.
i3 marks]}
Prove by mathematical induction that
"
er(r+ H = % nn+1)(n+2),forallne N. [9 marks]
= -
Find the sum of the arithmetic progression
72. 69, 66, ..., -24, -27. [5 marks]
Total 25 marks
(1) The function f: R — R isgivenby f(x) = x’ + 2x — 2.
Show that
a) fis a strictly increasing function [3 marks]
b) the equation f(x) = O has a root @ in the interval [0, 1] [3 marks)
<) the equation f(x) = 0 has no other root in the interval [0, 1].
{3 marks]
(i) By starting with x, = 0.5 as afirst approximation to the root, ¢, use the Newton-
Raphson method to find a second approximation, x,, to the root & correct to 3
decimal places. [4 marks]
Given that the coefficient of x? is zero in the binomial expansion of
(1 —ax) (1 + 2x)*, find the value of a and the coefficient of x*. [12 marks]
Total 25 marks

GO ON TO THE NEXT PAGE
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SECTION C (MODULE 2.3)

Answer BOTH questions.

s. (a) A message is sent using two symbols, @ and f3, arranged in sequence. The probability that
the first symbol sent is ¢, is —;— .
A tree diagram is started in the diagram below.

Third Symbol Sent

First Symbol Sent Second Symbol Sent

Start
here

'
]
]
[}
]
]
]
1
L]
¥
]
]
t
]
1
'
+
1
)
]
]
'
L]
1
1
[}
i
'
1
'
]
]

Copy the diagram in your answer booklet and use the information above to write the correct
probability on EACH branch of the tree diagram. [2 marks]

(b) After the first symbol has been sent, the probability that an ¢ is sent is —;— if the preceding
symbol was an « and % if the preceding symbol was a 3.

(1) Use this information to extend your diagram to represent the FIRST THREE
symbols sent. [3 marks]

(ii) Write CLEARLY the probabilities on EACH branch of your tree diagram.
[8 marks]

(c) Using the information from your tree diagram, find the probability that

(i) there will be EXACTLY TWO o's among the FIRST THREE symbols sent
[6 marks]

(ii) the THREE symbols sent are identical. [6 marks)

Total 25 marks

GO ON TO THE NEXT PAGE
- '0/CAPE 2004



(a) A rectangular container with a lid, is made from thin metal. Its length is 2x metres and its
width is x metres. The box must have a volume of 72 cubic metres.

(i) Show that the area, A square metres, of metal used is given by
21
A= 4xr + —xi . [5 marks]
() Find the value of x so that A is 2 minimum. [5 marks]

(b) The cost of making x articles per day is $( _;_ x? + 50x + 50) and the selling price of each
article is $(80 —;— x).

Find

(i) the daily profit in terms of x | [S marks]
(i) the value of xto give a maximum profit [3 marks]
(iii) the maximum value of the profit. [2 marks]

() A plot of land is rented on the understanding that the rent for the first year will be $64 and
in subsequent years will always be _;;L of what it was the year before. Calculate, to the
nearest dollar, the TOTAL amount of rent paid for the first 15 years. [5 marks]

Total 25 marks

END OF TEST

02234020/CAPE 2004



TEST copE (02234032
FORM TP 2004272 MAY/JUNE 2004

CARIBBEAN EXAMINATIONS COUNCIL

ADVANCED PROFICIENCY EXAMINATION
MATHEMATICS
UNIT 2 - PAPER 03/2

1
1 -i-hours

(24 MAY 2004 (p.m.) )

This examination paper consists of THREE questions, one question from each of Modules 2.1, 2.2
and 2.3.

The maximum mark for each question is 20.
The maximum mark for this examination is 60.
This examination paper consists of 4 pages.

INSTRUCTIONS TO CANDIDATES

1. DO NOT onpen this examination paper until instructed to do so.
2.  Answer ALL THREE questions.

3. Unless otherwise stated in the question, all numerical answers MUST be
given exactly OR to three significant figures as appropriate.

Examination Materials

Mathematical formulae and tables
Electronic calculator
Ruler and a pair of compasses

Copyright @ 2003 Caribbean Examinations Council
All rights reserved.
02234032/CAPE 2004



-2.

SECTION A (MODULE 2.1)

Answer this question.

1. (a) (i) Complete the table shown below for y = % (¢* + e™) using a calculator where
necessary. [S marks]
y= Lie+ e
2
x |-20 {-1.5 |-10 | 05 0 0.5 1.0 | 1.5 2.0
0.14 | 0.22 0.61 1.65 448 | 7.40
e* { 740 | 4.48 1.65 0.61 022 | 0.14
y 3.27 | 2.35 1.13 1.13 235 | 3.27
(ii) Hence, sketch the curve y = -% {e* + e™) for values of x from -2 to +2.
[4 marks]
() Find 2. {2 marks]
dx
d 2
()  Showthat 1 + %): . [4 marks]
: 2
@  Show that _|. ! (D) a=e- = (5 marks)
Total 20 marks
GO ON TO THE NEXT PAGE
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SECTION B (MODULE 2.2)

Answer this question.

2. In a model for the growth of a population, p, is the number of individuals in the population at the
end of n years. Initially, the population consists of 1000 individuais.

Ineach calendar year, the population increases by 20%, and on December 31%, 100individuals leave
the population.

(a) Calcuiate the values of p, and p,. [4 marks]

(b) Write down an equation connecting p , and p . [2 marks]

1+

(c) Show by Mathematical Induction, or otherwise, that p = 500 (1.2)" + 500.

[9 marks]

(d) Calculate the smallest value of n for which p > 10 000. [5 marks]
Total 20 marks

GO ON TO THE NEXT PAGE
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SECTION C (MODULE 2.3)

Answer this question.

(a) In a sixth form, the students are studying one or more of the subjects, Biology (B),
Chemistry (C) and Mathematics (M). 15% of the students are studying both Chemistry and
Mathematics and 3% of them are studying all three subjects. Some of this information is
shown on the diagram below.

Mathematics (M) M B._ Biology (B)
45% T0%
Chemistry (C)
35%
C

) What is the probability that a student chosen at random is studying Chemistry?

[1 mark ]
(ii) Given that a student is studying Chemistry, what is the probability that the student
is also studying Mathematics? [3 marks]

(iii) Find the probability that a student who is studying Chemistry and Mathematics is

also studying Biology. [3 marks]

(b) A and B are two independent events such that P(A) = -:l;— and PANB)= —}T . Find
(i) P(B) [4 marks]
(ii) PAUB). [4 marks]

© A three-digit nymber is formed by choosing, with replacement, three digits at random from
the digits 1, 2, 3, 4, 5. What is the probability that the number formed is divisible by 5?
[5 marks]

Total 20 marks

END OF TEST
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Section A (Module 1)

Answer ALL questions.

The function Ax) is defined by fix) = gy + a,x + a,x* + a;x> + ... where a,, a,,a; € R.

1. ()
@) Obtain ). [ 1 mark ]
(i)  Giventhatf’'(x)=Af(x), A#0,A € R, express the coefficients a,, a,, a;,in terms
of A and ay,. [ 4 marks]
(b) Differentiate with respect to x the following:
i@ y=e®™* [ 2 marks]
(i) y= xzm [ 3 marks]
Total 10 marks
2. (a) Given logw3 =m, log e = n, express in terms of m and/or n
@  log, (13—0) [ 3 marks]
(ii) log£9. { 4 marks]
(b) Find the value of x € R for which 3* = 7. [ 3 marks}]
Total 10 marks
GO ON TO THE NEXT PAGE
02234010/CAPE 2005
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Given that u = tan@,

(a) use the quotient rule to show that @ = sec-

do

(b) find ,[ tan0 sec?0dB .

Show that, if y = sin x cos x then

(2) % = 2cos?x -1

dZ
®  F2+4y=0.

Gx
2 +1

(a) Find J- dx.

(b) By using the substitution u = x?, or otherwise, find _[ X e"‘2 dx .

02234010/CAPE 2005

[ 4 marks]

[ 3 marks]

Total 7 marks

{ 3 marks]

[ 3 marks]

Total 6 marks

[ 3 marks]

[ 4 marks]

Total 7 marks

GO ON TO THE NEXT PAGE
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Section B (Module 2)

Answer ALL questions.

6. A sequence {u,} is generated by the recurrence relation

un+1=r_—3',n21.

(a) If u, = 2u,, find the possible values of uy. ' [ 4 marks]
(b) Find u, corresponding to EACH value of u,. [ 4 marks]
Total 8 marks
7. The sum, §,, of the first n terms of a series is givenby S, =2n (n - 2).
(a) Find, in terms of n, the nth term of the series. [ 4 marks]
(b)  Hence, show that the series is an AP. [ 2 marks]

(c) For the AP in (b) above, identify

(i} the first term [ 1 mark]
(i) the commeon difference. [ 1 mark]

Total 8 marks

8. (a)  Express the binomial coefficients "C, and "C, _ ;. for n >k > 1, in terms of factorials.
[ 2 marks]

(b) Hence, show that

G "C,="C,_, [ 2 marks]
(i) "C,+"C,_, =""'C,. [ 6 marks]
Total 10 marks
9. The coefficient of x’ is sixteen times the coefficient of x!! in the expansion of (a + x)'%. Given
that "C, ="C, _,. find the possible value(s) of the real constant a. [ 7 marks]
Total 7 marks
GO ON TO THE NEXT PAGE
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10. The length of one side of a square tile is given as 25 cm correct to the nearest cm.
(@) Within what limits does the length of the tile lie? [ T mark}

(b) Calculate

€} the SMALLEST absolute error in the area of the tile [ 3 marks]
(i)  the MAXIMUM percentage error in the area of the tile. [ 3 marks]
Total 7 marks
Section C (Module 3)

Answer ALL questions.

11. (a) How many four-digit numbers can be formed from the digits 1, 2, 3, 4, 5 if ALL
digits can be repeated? [ 2 marks]

(b) Determine

(1) how many of the four-digit numbers in (a) above are even { 4 marks]
(i) the probability that a four-digit number in (a) above is odd. [ 2 marks]
Total 8 marks
12, A fair coin is tossed three times.
(a) Determine the sample space. [ 3 marks]

(b) Calculate

M the probability that two heads and one tail appear [ 2 marks]

(i)  the probability that AT LEAST two heads appear. [ 2 marks]
Total 7 marks

GO ON TO THE NEXT PAGE
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14.

15.

The matrices A and B are given below.

A=(1 2 3 :
(4 5 6)’B‘

{a) Calculate

[ I 5 Ry

-1

-3

(i AB [ 2 marks]
Gi) BTAT. [ 3 marks]
(®)  Deduce that (AB)" = BT A™. [ 2 marks}
Total 7 marks
(a) Write the augmented matrix for the following system of equations:
x+2y+3z=17
2x+2y-2z=0
3x-4y+2z=7 [ 2 marks]
b Reduce the augmented matnx obtained to echelon form. [ 4 marks]
©) Hence, solve the system of equations. [ 3 marks]
Total 9 marks

The rate of change of the volume, V, of a sphere of radius r with respect to time, ¢, is directly

proportional to the volume of the sphere.

(a) Obtain a differential equation involving the radius, r, of the sphere. [ § marks]
L4
(b) Hence, show thatr=Ce?3,C. k€ R. [ 4 marks]
[V= —g-nﬂ]
Total 9 marks
END OF TEST
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Section A (Meodule 1)
Answer BOTH questions.

1. (a) The diagram below, not drawn to scale, shows two points, P( p, 0.368) and R (3.5, r},
on f(x)=exforxe R.

f(x) =¢*

AN

X

(i)  Copy the diagram above and on the same axes, sketch the graph of g(x) = In x.

[ 3 marks]
(i)  Describe clearly the relationship between fix) = ¢* and g(x}=Inx.
[ 3 marks]
(1i1) Using a calculator, find the value of
a) r [ 1 mark]
b) p. [ 2 marks]
(b) Given that
loga (bc)=x, logb (cay=1y, logc(ab) =z and a#b#c,
show that @*b’c? = (abc)’. [ 3 marks]
{c) Find the values of x € R for which ¢* + 3¢~ = 4. [ 8 marks]
Total 20 marks
GO ON TO THE NEXT PAGE
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2. (a)
(b)
3 (a)
(b}
(©)

-3-

A curve is given parametrically by x = (3 — 2¢)%, y = £ - 2¢. Find

M 2 interms of [ 4 marks]
(ii)  the gradient of the normal to the curve at the point t = 2. [ 2 marks]

(1) Express 72—&-1? in the form 'j?' + Ez + < , where A, B and C are con-
stants. ¥ (x+1) x x+1 [ 7 marks]

2
.. 2x+1
(it) Hence, evaluate f'.m) dx- [ 7 marks]

Total 20 marks

Section B (Module 2)

Answer BOTH questions.

1

=T = Fo+ D) to show that

.

(i)  Use the fact that l— -

n
S, = ( L Y=1--1.. [ 5 marks]
r=1 \VVr+ 1)
(i) Deduce, thatas n — o, §_— 1. [ 1 mark ]

. . . . . X -
The common ratio, r, of a geometric series is given by r = ﬁ . Find ALL the values
of x for which the series converges. ' [10 marks]

By substituting suitable values of x on both sides of the expansion of

n
(1+x)'= 2 "C, x',
r=0
show that
n
(i) "C,=2" [ 2 marks]
r=0
n
Gy Y, "C.(-1) =o0. [ 2 marks]
r=0

Total 20 marks

GO ON TO THE NEXT PAGE
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4, The function, f, is given by ix) = 6 — 4x — x3.

(a) Show that
(i) f is everywhere strictly decreasing [ 4 marks]
(ii)  the equation fix) = 0 has a real root, o, in the closed interval [1, 2]
[ 4 marks]
(iii) o is the only real root of the equation f{x) = 0. [ 4 marks]

b) If x, is the n™ approximation to o, use the Newton-Raphson method to show that the
(n + 1)* approximation x,, _, is given by

6
xﬂ+1=2x'?+ . [ 8 marks]
32 +4
Total 20 marks
Section C (Module 3)
Answer BOTH questions.
S. (a) On a particular day, a certain fuel service station offered 100 customers who purchased

premium or regular gasoline, a free check of the engine oil or brake fluid in their
vehicles. The services required by these customers were as follows:

15% of the customers purchased premium gasoline, the others purchased regular
gasoline. '

20% of the customers who purchased premium gasoline requested a check for brake fluid,
the others requested a check for engine oil.

51 of the customers who purchased regular gasoline requested a check for engine oil, the
others requested a check for brake fluid.

(i)  Copy and complete the diagram below to represent the event space.

Brake fluid Engine oil
Premium
( gasoline
' Regular
C 51 gasoline
_/ \_/
[ 3 marks]
GO ON TO THE NEXT PAGE
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(®)

6. {a)

(b)

-5.

(i) Find the probability that a customer chosen at random
a) who had purchased premium gasoline requested a check for engine oil
b) who had requested a check of the brake fluid purchased regular gasoline

c) who had requested a check of the engine oil purchased regular gasoline.
[ 6 marks]

A bag contains 12 red balls, 8 blue balls and 4 white balls. Three balls are drawn from
the bag at random without replacement.

Calculate
(i) the total number of ways of choosing the three balls [ 3 marks]
@) the probability that ONE ball of EACH colour is drawn [ 3 marks]
(i) the probability that ALL THREE balls drawn are of the SAME colour.
[ 5 marks)
Total 20 marks
Find the values of x for which
x 2
1 x 2 1=0.
2 1 x [10 marks]

Twelve hundred people visited an exhibition on its opening day. Thereafter, the
attendance fell each day by 4% of the number on the previous day.

(i)  Obtain an expression for the number of visitors on the n day. [ 2 marks}
(ii) Find the total number of visitors for the first n days. [ 3 marks}
(iii)  The exhibition closed after 10 days. Determine how many people visited
during the period for which it was opened. [ 3 marks]
(iv) If the exhibition had been kept opened indefinitely, what would be the maximum
number of visitors? . [ 2 marks]

Total 20 marks

END OF TEST
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Section A (Module 1)

Answer this question.
1. Table 1 presents data obtained from a biological investigation that involves two variables x
and y.
Table 1

x 20 | 30 | 40 | 50
y | 890 | 1640 | 2500 { 3700

It is believed that x and y are related by the formula, y = bx™.

(a) '§)] By taking logarithms to base 10 of both sides, convert y = ba® to the form
Y =nX + d where n and d are constants. [ 4 marks]

§1)) Hence, express
a) Y in terms of y
b) X in terms of x

c) d in terms of b. [ 3 marks]
(b) Use the data from Table 1 to complete Table 2.

Table 2

log, ,x 1.30 1.60
log ¥ 321 3.57

[ 2 marks]
(©) In the graph on page 3, log  x is plotted againstlog yfor 1.3 <x<1.7.
(i) Assuming that the ‘best straight line’ is drawn to fit the data, determine
a) the gradient of this line { 2 marks]

b) the value of b given that this line passes through (0, 1) [ 4 marks]

c) the value of each of the constants, 7 and d, in Part (a) (i) above.
[ 2 marks]

(ii) Using the graph, or otherwise, estimate the value of x for which y is 1800.
[ 3 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
02234032/CAPE 2005
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Section B (Module 2)

Answer this question.

2, Mr John Slick takes out an investment with an investment company which requires
making a fixed payment of $A at the beginning of each year. At the end of the invest-
ment period, John expects to receive a payout sum of money which is equal to the total
payments made, together with interest added at the end of EACH year at a rate of r % per
annum of the total sum in the fund.

The table below shows information on Mr Slick’s investment for the first three years.

Amount at
Year | Beginning of Year ($) Interest ($) Payout Sum $
1 A A X o= A+ ( Ax_r )
= Al +=r)
100
= AR
r r
2 A + AR (A+AR)x = (A+AR)+[(A+AR)xm
=(A +AR) (1 +%0-)
=(A+AR)R
= AR + AR?
3 A + AR + AR? (A + AR + AR) x 22| (A + AR + AR) R
= AR + AR? + AR?
(a) Write expressions for
(i)  the amounts at the beginning of Years 4 and 5 [ 2 marks]
(ii) payout sums at the end of Years 4 and 5. [ 2 marks]
b) By using the information in the Table, or otherwise, write an expression for the
amount at the beginning of the nth year. [ 2 marks]
n
{c) Show that the payout sum in (b) above is yLR(RI—_D forR>1. [ 7 marks)
(d) Find the value of A, to the nearest dollar, when n = 20, r = 5 and the payout sum in (c)
above is $500 000.00. [ 7 marks]
Total 20 marks
GO ON TO THE NEXT PAGE
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Section C (Module 3)

Answer this question.

The output 3 x 1 matrix Y in a testing process in achemical plant is related to the input 3 x 1 matrix
X by means of the equation Y = AX, where

123
A=|245].

356
(a) Show that A is non-singular. [ 5 marks]
(b)  Show that X=A"'Y. [ 3 marks]
(c) Find A™. [ 9 marks]

19
(d) Find the input matrix X corresponding to the output matrix Y = ( 34 )
42
[ 3 marks]

Total 20 marks

END OF TEST

02234032/CAPE 2005
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Section A (Module 1)

Answer ALL questions.

1. Solve, for x, the equations

(a) log,x + =3,x>0 [ 5 marks)

_2
log2x

® ¥ =51 { 3 marks]
Total 8 marks
2. Differentiate with respect to x the following:
(a) y= er +sinx [ 3 marks]
b) y=tan3x+In(x*+4) [ 4 marks]
Total 7 marks
. (@) Find the gradient of the curve x? + xy = 2y” at the point P (-2, 1). [ 5 marks]
® Hence, find the equation of the normal to the curve at P. [ 3 marks]
Total 8 marks

4. If y = sin 2x + cos 2x,

(a) find % [ 3 marks])
d’y
(b) show that —+ 4y =0. [ 4 marks]
dx*
Total 7 marks

5. Use the substitution indicated in EACH case to find the following integrals:

(a) ,[ sin®xcos xdx ; u=sinx . [ 4 marks)
b) IxV2x+1dx,'u2=2x+l [ 6 marks)
Total 10 marks
GO ON TO THE NEXT PAGE
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Section B (Module 2)

Answer ALL questions.

6. A sequence {u,} of real numbers satisfies u, , , u, = 3(-1)";u,=1.

(a) Show that

)] Uy 42 = —HUy [ 3 marks]
(i) Uy, 4= Uy [ 1 mark ]
(b) Write the FIRST FOUR terms of this sequence. [ 3 marks]
Total 7 marks
. L1 1 1 . _2q_ 1
7. {a) Verify that the sum, §,, of the series 5 + > + o5 + ..., tonterms, is §, = 3 (1 7 )

[ 4 marks]

(b Three consecutive terms, x — d, x and x + d, d > 0, of an arithmetic series have sum 21
and product 315. Find the value of

(i) X [ 2 marks]
(i) the common difference d. [ 4 marks]
Total 10 marks

x-2)
8. I "7Vc=3 (‘c).x>3,

(a) show that x> — 5x— 14 =0 [ 4 marks]
(b) find x. { 2 marks]
Total 6 marks
9. (a) Expand (1 + ux) (2 - x)* in powers of x up to the term in x%, u € R. [ 6 marks]
(b) Given that the coefficient of the term in x2 is zero, find the value of u. [ 2 marks]

Total 8 marks

- GO ON TO THE NEXT PAGE
02234010/CAPE 2006
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T
.

B(o, B) @ 1)

The diagram above (not drawn to scale) shows the graphs of the two functions y = € and

= X,

(a) State the equation in x that is satisfied at B (., B), the point of intersection of the two

graphs. [ 2 marks]
(b) Show that o lies in the closed interval [-1, 0]. [ 7 marks]
Total 9 marks
GO ON TO THE NEXT PAGE
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Section C (Module 3)
Answer ALL guestions.

11. A committee of 4 people is to be selected from a group consisting of 8 males and 4 females.
Determine the number of ways in which the committee may be formed if it is to contain

(a) NO females [ 2 marks]

(b) EXACTLY one female [ 3 marks]

(c) AT LEAST one female. [ 4 marks]
Total 9 marks

12. (a) The letters H, R, D, S and T are consonants. In how many ways can the letters of the
word HARDEST be arranged so that

(i)  the first letter is a consonant? [ 3 marks)

(i) the first and last letters are consonants? { 3 marks]

(b) Find the probability that the event in {a) (i) above occurs. [ 2 marks]
Total 8 marks

13. The determinant A is given by

1 a b+c
A= 1 b c+a
1 ¢ a+b
Show that A =0 forany g, bandc € R. [ 6 marks]
Total 6 marks
14. (a) Write the following system of equations in the form AX = D.
xt+y-z=2
2x—y+z=1
Ix+2z =1 { 2 marks]
(b (i) Find the matrix B, the matrix of cofactors of the matrix A. { 5 marks]
(i)  Calculate BTA. [ 2 marks]
(iii) Deduce the value of | A | . [ 1mark]
Total 10 marks
GO ON TO THE NEXT PAGE
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A closed cylinder has a fixed height, h cm, but its radius, r cm, is increasing at the rate of

1.5 cm per second.

{a) Write down a differential equation for  with respect to time f secs. [ 1 mark ]

{b) Find, in terms of 7, the rate of increase with respect to time ¢ of the total surface
area, A, of the cylinder when the radius is 4 cm and the height is 10 cm.

[ 6 marks]

[A =272 + 27arh]
Total 7 marks

END OF TEST

02234010/CAPE 2006
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Section A (Modaule 1)
Answer BOTH questions.
1. (a) If fix) = x3 in? x, show that

D f=x*lxBInx+2)
[ 5 marks]

(i) f"x)=6xIn*x+ 10xIn x + 2x.
[ 5 marks]

(b) The enrolment pattern of membership of a country club follows an exponential
logistic function N,

800
N=—"""—_ treR,reR,
1+ ke r

where N is the number of members enrolled r years after the formation of the club.
The initial membership was 50 persons and after one year, there are 200 persons enrolled
in the club.

(i)  What is the LARGEST number reached by the membership of the club?

[ 2 marks]
(it}  Calculate the EXACT value of k and of 7. [ 6 marks]
(iii) How many members will there be in the club 3 years after its formation?
[ 2 marks]
Total 20 marks
2. (a) (i)  Express P s 11)"(' x); oy in partial fractions. [ 6 marks]
(i)  Hence, find ﬁ——’&m dx. [ 3 marks]
1
(b) Given that ], =I of‘ e* dx, where ne N.
(i) Evaluate 7,. [ 4 marks]
(i) Showthatl,=e—ni, . [ 4 marks]
(iii) Hence, or otherwise, evaluate I;, writing your answer in terms of e.
[ 3 marks]
Total 20 marks
GO ON TO THE NEXT PAGE

02234020/CAPE 2006



3. (a)

(b)

(b)

(c)
(d)
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Section B (Module 2)

Answer BOTH questions.

(i) Show that the terms of

m
2 In3"

r=1

are in arithmetic progression. [ 3 marks]

(i) Find the sum of the first 20 terms of this series. [ 4 marks]
2m

(iii) Hence, show that Z n3 =Q2m?+m)in3. ' [ 3 marks]
r=1

.. . _ 1 1
The sequence of positive terms, {x,}, is defined by x, , , = xf + T 5 <3

(i) Show, by mathematical induction, or otherwise, that x < 1 for all positive

integers n. [ 7 marks]

(i) By considering x__ , — x . or otherwise, show thatx, < x__ .. [ 3 marks]

Total 20 marks

Sketch the functions y = sin x and y = x* on the SAME axes. [ 5 marks)
Deduce that the function f{x) = sin x — x* has EXACTLY two real roots.

[ 3 marks]

Find the interval in which the non-zero root o of f{x) lies. [ 4 marks]

Starting with a first approximation of o at x; = 0.7, use one iteration of the Newton-
Raphson method to obtain a better approximation of & to 3 decimal places.
[ 8 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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Section C (Module 3)
Answer BOTH questions.

S. (a) (i)  How many numbers lying between 3 000 and 6 000 can be formed from the
digits, 1, 2, 3,4, 5, 6, if no digit is used more than once in forming the number?
[ 5 marks]

(i) Determine the probability that a number in 5 (a) (i) above is even.
[ S marks]

b) In an experiment, p is the probability of success and ¢ is the probability of failure in a
smgle trial. For n trials, the probability of x successes and (n — x) failures is represented
by "Cxp* ¢"~*, n > 0. Apply this mode! to the following problem.

The probability that John will hit the target at a firing practice 1s 2. He fires 9 shots.
Calculate the probability that he will hit the target

{® AT LEAST 8 times [ 7 marks}
(ii) NO MORE than seven times. [ 3 marks]
Total 20 marks

1 A | 2 -l 1
6 (a) IfA= | -1 2 1 and B = 1 0
1 =2 3 0 1 1

(i) find AB [ 3 marks]

(i)  deduce A~!. [ 3 marks]

GO ON TO THE NEXT PAGE
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(b) A nursery sells three brands of grass-seed mix, P, Q and R. Each brand is made from
three types of grass, C, Z and B. The number of kilograms of each type of grass in a bag
of each brand is summarised in the table below.

Type of Grass
Grass Seed (Kilograms)
Mix
C-grass Z-grass B-grass
Brand P 2 2 6
Brand Q 4 2 4
Brand R 0 6 4
Blend c z b

A blend is produced by mixing p bags of Brand P, g bags of Brand ( and r bags of Brand

R.

(i)

(i)

(iii)

(iv)

(V)

Write down an expression in terms of p, g and r, for the number of kilograms
of Z-grass in the blend. { T mark ]

Let ¢, z and b represent the number of Kilograms of C-grass, Z—grass and
B—grass respectively in the blend. Write down a set of THREE equations in p,
g, r, to represent the number of kilograms of EACH type of grass in the blend.

[ 3 marks]
Rewrite the set of THREE equations in (b) (ii) above in the matrix form MX =D
where M is a 3 by 3 matrix, X and D are column matrices. [ 3 marks]
Given that M~ exists, write X in terms of M and D. [ 3 marks]

02 02 03
GiventhaaM'=| 035 0.1 -0.15 |,
—0.05 02 -005

calculate how many bags of EACH brand, P, (, and R, are required to
produce a blend containing 30 kilograms of C-grass, 30 kilograms of Z-grass
and 50 kilograms of B-grass. [ 4 marks]

Total 20 marks

END OF TEST
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Section A (Module 1)

Answer this question.

1. The rate of increase of the number of algae with respect to time,  days, is equal to k times f{r),
where f?) is the number of algae at any given time fand k € R.

(a) Obtain a differential equation involving fr) which may be used to model this situation.

{ 1 mark]
) Given that
- the number of algae at the beginning is 10°
- the number of algae doubles every 2 days,
€1 determine the values of A0) and f(2) [ 2 marks]
(i) show that
) k=2in2 [10 marks]
b f)=10°2"2) [ 5 marks]
(ii)  determine the approximate number of algae present after 7 days.
[ 2 marks]
Total 20 marks
GO ON TO THE NEXT PAGE
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Section B (Module 2)

Answer this question.

2. (@ A car was purchased at the beginning of the year, for P dollars. The value of acar at the

end of each year is estimated to be the value at the beginning of the year multiplied by
(1- é ). q€ N.

(i)  Copy and complete the table below showing the value of the car for the first
five years after purchase.

Year 1 Year2 Year 3 Year 4 Year 5
Value at the
Beginning P pa-L Pl -1y
of Year 9 g
%
Value at the . 1
End of Year| P(1 —-L) (1 ———)[P (1- —)]
($) 9 1 ?
1.2
=P(] = —
( 7 )
[ 3 marks]
(ii) Describe FULLY the sequence shown in the table. [ 2 marks]

(ili)  Determine, in terms of P and g, the value of the car n years after purchase.
[ 1 mark]

(b) If the original value of the car was $20 000.00 and the value at the end of the fourth year
was $8 192.00, find '

(i) the value of ¢ [ 5 marks]
(ii)  the estimated value of the car after five years [ 2 marks]
(iiiy  the LEAST integral value of n, the number of years after purchase, for which
the estimated value of the car falls below $500.00. [ 7 marks]
Total 20 marks
GO ON TO THE NEXT PAGE
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Section C (Module 3)

Answer this question.

A box contains 8 green balls and 6 red balls. Five balls are selected at random. Find
the probability that

) ALL 5 balls are green [ 4 marks]
(ii) EXACTLY 3 of the five balls are red [ 4 marks]
(iii) at LEAST ONE of the five balls is red. [ 3 marks]

Use the method of row reduction to echelon form on the augmented matrix for the

following system of equations to show that the system is inconsistent. [ 9 marks]
x+2y+4z=6
y+2z=3
x+y+2z=1
Total 20 marks
END OF TEST
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ltem 1 refers to the following graph. 1 1
: ik 3. 7 In4 - 1n3 can also be expressed as
A‘j/" -
y=1nx 1
I / L Sl
> X
' 1 4
‘l" ‘ 1l E In 3
1L in2-In 3
1. The graphs of y =e*and y = In x in the diagram V. In 2
above are reflections of each other in the line V3
(A) y=0 (A) land Honly
B) x=0 (B) I, Iland Il only
€y y==x (C) I, IIand IV only
D) y=x (D) 1lland IV only

2. Which of the graphs in the diagrams below 4. [f 5= 20, thenx =
represents y = 3*and y = &*?

S
4 . =3x ———
\A) “)/y _ sy=e* (A) lOg (20)
~
|| VA 20
— = x (B) log|
0
g=en log$s
B) 4y y=3 © log 20
~ d log 20
og
| Pl 5= }
'._":/7‘; >x D) log5
:C) ﬂ\y y=e"
iy 3 lo Ez— :
/ 5. Be p | can be written as
3 /
e
. (A) 2log a-log b
> X
a
(B)  2log, 3
D y =3
LS ) . b
4 VA (C) 2log | —
/ Y <\ a
_ -~ {D) 2 log, b*
1
— = 5 »x

GO ON TO THE NEXT PAGE
02234010/SPEC2007



dx

(A)  (6x+2)e%-*

(B) (6x +2) eax‘ +2x+]

() G +2x+1)e=?
(D) (3x* + 2x +1) ez;%zm

A curve is defined parametrically by the 11.

equations x = £,y =¢(1 - £). The gradient of
the curve, in terms of ¢, is

2%
(A) -3
1-3%°
®
C© 2t(1-29

(D) 2t(1+2)

For x’y - 3 = -6x, % at the point where

x=1andy=-3 is equal to

(A) -15 12.
2

(B) 3

© 3

D 1

Giveny =In (2x + 3)°, then & is

dx

2x

(A) 2x+3
2

(B) 2x+3
6x

©) 2x+3
D 6

(D) 2x+3

02234010/SPEC 2007

d .
_(esxhz.v I)is 10.

If the function f{x) is defined by f{x) = cos x
then f"(x)is '

(A) - €OSs X
(B) -sinx
©) cos X
(D) sinX

The partial fractions expression for

5
m may be written as

1 1
A T 27G-3)

-1 1

+ —_—
® T2t s
C L
© x+2 x-3
D d
(D) x+2 x-3

Which of the following functions, when
integrated w.r.t. x, gives the result
x-Inx*+K?

A 1
( ) I__xz
B 1-2x
®
C x-2
©
Dy 1-=
(D) 2
GOON TO THENEXT PAGE



13. ICOSZ x dx is equal to [tem 16 refers to the diagram below.
Un A
1 X
(A) 5 sin’x + ¢
1 , X
(B) 5 cos'x + ¢ X
x
l X LY “vsa.
© = sin2x+c¢ >
4 n
1. 1 16. The term that best describes the behaviour of
(D) 4 5" 2+ 2”* te the sequence {U_} shown above is
(A) periodic
X (B) finite
14. f— dx is 1t (&) divergent
x2+3 equat o D) convergent

{A) %ln(xz+3)+c

(B) 2In(x*+3)+c¢
(€ 2xIn(x*+3)+c
(D) (*F*+3)Inx+c

15. Ixez"dx may be expressed as

(A) 2xe™*+e*+¢
(B) 2xe™-4e*+c

1
©) Exe”‘- ex+¢

1
4

(D) ‘;—xe”‘+ %xzez"+c

02234010/SPEC2007
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Items 17 - 19 refer to S as defined below.

S=20.21 4272424
17. S is best described as a

(A) finite series

(B) infinite series
© finite sequence
(D)  infinite sequence

18. The general term in S is best defined by

(A Cly2

(B)  (ly(2r
© ey
D) ey

19. S may be written as

@) 2@

r=0

r

® Dy

r=1

4
© VR
r=0

4
@O 2-HE2

r=]

02234010/SPEC 2007

20.

21.

22.

Items 20 - 22 refer to E as defined below.
30 an
— 3

Es 2~

n=l9 n

The number of terms in the expansion of E is

(A) 10
(B) 1l
© 12
(D) 13

The r* term of E is 324, The value of r is

(A) 6
(B) 8
< 9
D 10

Which of the series below has its n* tenn

a
equal to o ?

> a
A Lo
B 4
(B) oy

"

a

(C) Z 2r—l

r=)

(D) ,.05:'_

GOONTO THE NEXT PAGE



23.

24.

25.

§(10—2r) =
r=|

(A)  -1410
(B) -220
) -0
(D) 220

The first term of an AP is ‘a’ and its common
difference is -1. The sum of'the first 10 terms
is equal to

(A) 5(2a-9)

(B) 5(2a+9)

(C) 102a+11)

(D)  10Qa-11)

The second and fifth terms of a convergent

geometric series with first term 8-12- are 27

and 8 respectivety. The sum to infinity of this

series is

(A)

2
(B)

3
N N[W WiN
L |

(&)

- ]
fuing

(D)

|

02234010/SPEC2007

26.

27.

28.

The sum to infinity of the geometric series
a+a@+d +...isd4a(a #0). The common
ratio is

-3
(A) vy
3
(B) 2
4
(©) 3
5
(D) 7
nCr -1 =
n
Ay T-ro)t
n
®B) G

nl
©  Gor+D (-1
n

© ln—ir-—l)l! r!

The 3™ term in the expansion of (2 - %)" in

ascending powers of x is

(A)  -60x2
(B  -20x°
(C)  60x
(D) 20x?
GOONTOTHENEXT PAGE
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29. The coefficient of x* in the expansion of 34,
(2-3xYis
(A) -720
(B)  -240
(C) 240
(D) 720
30. The function f(x) =x*- 3x - 3 has aroot in 35.

the closed interval

Ay  [-10,-8]
B) [-2,0]
© (23]
(D) [5,6]
31. The number of w#ys in which a committee

of four men and six women can be seated in
a row if they can sit in any position is

(A) 2
(B) 4

() 6

(D) 10t 36.

32. The number of ways in which 3 boys and 2
girls can sit so that no two persons of the
same sex sit next to each other is

(A) 3x2
(B) 3+2
(C) 3!'x2!
(D) ¢
33.  Ateamofeleven players is to be chosen from

a squad of 16 players. Given that 2 players
must be chosen, the number of ways in which
the team can be chosen is

(A) Mcn .
(B) I4C9
(D) “’Cq

02234010/SPEC 2007

In how many ways can two persons be
selected from a group of 10 persons?

@A) 20
(B) 45
© 90
(D) 100

What is the probability that an integer chosen
atrandom from 1,2,3,4,5,6,7,9, 11, 15 is
prime?

3
(&) 10
4
(B) T
5
©) 10
6
D) To

The letters P, Q, R, S, T and U are arranged
randomly in a line. What is the probability
that P and Q are next to each other?

2x5!
(A) 6!

2x 6!
(B) 51

5x21
© &

5x6!
(D) 20

GO ON TO THE NEXT PAGE
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37.  Whatis the probability that an integer chosen
atrandom from 1,2, 3,4,5,6,7,9 11, 15 is

divisible by 3?
(A) =
10
B 40.
(B) 0
<) 10
@ 3
38. A and B are two independent events. Given
P (A) = 0.3 and P (B) = 0.4, which of the
following are true?
L P(AUB)=0.7
IL P(AnB)=0.12
II. P(A|B)=0.3 41.
IV. P(A|B)=04
(A) TandIlonly
(B) II and [T only
(C) IandIV only
(D) 1MandIV only
42,
39. A fair die is tossed twice. What is the
probability that at least one toss results in a
5?
2
(A) 36
43.
10
(B) 36
€) .
36
(D) 2
36

02234010/SPEC2007

Items 40 refers to the matrices P and Q
below.

X

P=labcl,0=|y
4

The product PQ is
(A) [ax+by+cz]
(B) [i‘,’;]

cz
(©) [ax by cz]
(D) not possible

- 1
9

4

The cofactor of the circled element,@ is

- XN
S O

Items 41 - 42 refer to the matrix [

(A) -2
(B) -l
<c o
(D) 2

The determinant of the given matrix is

(A) -5
B 3
< 3
oy 5

If z is the complex number 2 - i, then 22
equals

(A 3
(B)y 4
(C) 3-4i
(D) 4-3i
GO ON TO THE NEXT PAGE
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| -
44. Which Agrand diagram best represents the 45. Determine Im (;} where z = ——
complex number z =l—i‘f8_? 1+

2
" Az W -3
4+ I
) f——>x ® -3
1
1
© 3
yA 5
(D) 5
(B) } > X
1
F\e
z 14y
1
© +—t iﬁ —> X
)I
(1)) -+ .T-:l > %
z 3

IF YOUFINISHBEFORE TIME ISCALLED,CHECK YOURWORK ON THIS TEST.

02234012/PT2007
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2
SECTION A MODULE 1)

Answer BOTH questions.

1. (@ (@) Using the fact that e™ = ~IT or otherwise, show that,

¢
_‘i(e-l =_g* [2 marks)
= .
(ii)  Hence, evaluate Ixz e " dr. [4 marks]
: .o dy -1
(b) (i) a) Fmd-d—x- when y=tan™ (3x). [4 marks]
b) Hence, find .[Q_Cj_z_zl dx. [4 marks]
1+9x
2
(i) Show that if y= I_nLSzx_) then L = L‘ﬂ?j{_) . [ 6 marks}
dx x
(c)  Solve the first order differential equation
y tanx% =(4+ yz) sec’ x. [S marks]
Total 25 marks

2 (a) In 1950, the world population was 2.5 billion and it grew to 5 billion in 1987.
The world’s population grows exponentially so that at time t years the population
isN =2.5¢e“ where t =0 corresponds to the year 1950 and N is measured in

billions of people.
Find
B £)) the exact value of k {3 marks)

(ii))  the exact value of N in 2003 [2 marks]

(iii))  the year in which N =10, [S marks]
(b) Given that y = u cos 3x + v sin 3x is a particular integral of the differentiai

equation ’

2

‘ixf + 4 %3;: = ~30sin3x,

Find

)] the values of the constants # and v [10 marks]

(ii) the general solution of the differential equation. [S marks]

Total 25 marks
GO ON TO THE NEXT PAGE
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3
SECTION B (MODULE 2)
Answer BOTH questions,

3. (a) () Find constants 4 and B such that

1 A B

= + . [S marks]
2r-D@2r+1) 2r-1 2r+l
(ii)  Hence, find the value of S where
Z 1
S= —_— 5 marks]
,z.z 2r-1(2r+1) [
(iii)  Deduce the sum to infinity of S. |3 marks]
(b) (@) Findthen™ term of the series 1(2) + 2(5) + 3(8) +... [2 marks]
(ii) Prove, by Mathematical Induction, that the sum to n terms
of the series in (b)(i) above is n’(n + 1), [10 marks]
— Total 25 marks
4. (a) Given the series % + ZL‘ + 21—., +‘2‘%6' +
. (@ show that the series is geometric {4 marks]
'- (ii) find the sum of the series to 7 terms. [4 marks]
(b) Use Maclaurin’s Theorem to find the first three non-zero terms in the power
series expansion of cos 2x. [7 marks}
{c) ()] Expand up to and including the term in x
[ 1+ x)
1-x)’
stating the values of x for which the expansion is valid. [6 marks]

(il) By taking x = 0.02 find an approximation for V51 , correct to 5 decimal

places.

[4 marks]

Total 25 marks

GO ON TO THE NEXT PAGE

t 02234032/CAPE/SPEC 2007




4
SECTION C (MODULE 3)

Answer BOTH questions.

(a) . Two cards are drawn without replacement from ten cards which are numbered 1 to 10.
Find the probability that

(i)  the numbers on BOTH cards are even [4 marks]

(ii)  the number on one card is odd and the number on the other card is even.

[4 marks]
b) A journalist reporting on criminal cases classified 150 criminal cases
by the age (in years) of the criminal and by the type of crime
commiitted, violent or non-violent. The information is presented in
the table below.
Age (in years
Type of Crime ge (in years)
Less than 20 20 t0 39 40 or older
Violent 27 41 14
Non-violent 12 34 22

What is the probability that a case randomly selected by the journalist

(i) a) is a violent crime? [2 marks]
b) was committed by someone LESS than 40 years old? [4 marks]
c) is a violent crime OR was committed by a person LESS than 20 years
old? [5 marks]
d) is a violent crime that was committed by a person LESS than 20 years
old? . |2 marks]
(i)  Two criminal cases are randomly selected for review by a judge. What is the
probability that BOTH cases are violent crimes? [4 marks}
Total 25 marks

02234032/CAPE/SPEC 2007
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(2)

®)

()

Solve the following equation using determinants:

5 X 3
x+2 2 1 |=0
-3 2 x
[10 marks]

Solve the following set of equations:

(@)

(i)

X1 —4x2 —2x3 =21
2x; +t xp +2x3 = 3
3x1 +2x% - x3 =-2 (10 marks]

=2i 1 the form of @ + bi

Express the complex number 4

.

-3
where a and b are real numbers. [4 marks]

Show that the argument of the complex number in (c)(i) above is -Z—

[1 mark]
Total 25 marks

END OF TEST

GO ON TO THE NEXT PAGE
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2

SECTION A (MODULE 1)

Answer this question.

The diagram below, not drawn to scale, shows the variation in the volume, V cm’,
of an air freshener block with time, t weeks.

The variation can be written as

dav

—=—kV.
dt
(a)  Describe clearly in words the variation shown in the diagram above.
[2 marks)
(b) Show that ¥ = 4e’™ where A4 is a constant. [S marks]

(c) Initially, an air freshener block has a volume of 64 cm®. It loses half its

)

|8 marks)

volume after 6 weeks. Show that V= 64e[ % .

(d) The air freshener block becomes ineffective when its volume reaches 6 cm’.
Calculate the time, to the NEAREST week, at which the block should be
replaced. [S marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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SECTION B (MODULE 2)
Answer this question.

2. (a) The sum to infinity of a GP is 10 times the first term. Find the common ratio
of the GP. [3 marks]

(b)  Aball is projected vertically upwards to a height of 81 cm above a horizontal
floor. 1t drops to the floor and bounces until it comes to a stop. After each

bounce on the floor, the ball rises vertically to a height that is —§- of the distance
it dropped.
@) Find

a) hy, the distance the ball travels before the first bounce
b) h», the distance the ball travels before the second bounce
c) h3, the distance the ball travels before the third bounce.
[3 marks]

(i) Given that A,, n > 2, is the distance the ball has travelled between the
n® bounce and the previous bounce, express

a) h, in terms of Apy
b) hy. in terms of A,.. [2 marks]

(iii) Hence, show that

h,= (%JP h [3 marks]

(iv)  Show that the TOTAL distance that the ball has travelled just before
the n™ bounce is

486 [l —(%) J cm. [6 marks]

v) Deduce that the TOTAL distance travelled by the ball when it stops
bouncing is approximately 486 cm. {3 marks]
Total 20 marks

GO ON TO THE NEXT PAGE
02234032/CAPE/SPEC 2007
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(b)

(©)

4
SECTION C (MODULE 3)
Answer this question.
(i) A singer is scheduled to sing 6 particular songs withoutkrepetition at a
cultural show. In how many ways can this singer’s schedule be
arranged? [2 marks])
(i)  If the singer has altogether 13 suitable songs, in how many ways can a

schedule of 6 songs be prepared? [3 marks]

A biology examination includes 4 True or False questions. The probability of
. .. 1
a student guessing the correct answer to any question is 5 Use the
probability model
n!
P ) = r o n-r
® r!(n—r)!p 7

where n is the number of Questions

r is the number of observed successes

p is the probability of guessing correctly

¢ is the probability of guessing incorrectly
to answer the questions below.

What is the probability of a student guessing the correct answer to

(i) At LEAST ONE of the four questions correctly?
IS marks]

(i1) EXACTLY ONE of the four questions correctly?
[2 marks]

The transformation in three-dimensional space of a point, P, with coordinates
(x, y. z) is represented below.

X
1 -1 2|ly{=9
z

By row-reducing the augmented matrix, find the coordinates of P.  [8 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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Question 1

@ O % () =

(ii) Ixz e dx;

2

SECTION A
(MODULE 1)

let u = x* sothatdu = 2x dx, and

letdv=e *dx sothat v= —e %, then

fx’e"dx

ie.

=_—x2™* +2Ie"‘xdx

= —x’e* + 2[— xe ™ + Ie"dx]
= —xle"-2xe" -2 +¢
= -e”* [x2 + 2x + 2J+ c

y= tan” (3x) = ran y=3x

dy

2
=>sec’y —=3
-

=% _

= = = -
dc l+tan’y
&

3
dx  sec’y

dy 3

3

1490

(1 mark)

(1 mark)
[2 marks]

(1 mark)

(1 mark)
(1 mark)

(1 mark)
{4 marks]

(1 mark)

(1 mark)

(1 mark)

(1 mark)
[4 marks]



x+2 2
b dx = dx +
) J1+9Jc2 Il+9xz

3

i - InGx)

X

X

=

& x L (2x)In(5x)
&

4
X

— 1221n6x)

x3

_1-In(5x)’
5
_ 1-In(25x%)

x3

(c) y tan x %xz =(4+y2)seczx

Y dy _sec’x

ydy sec” x dx

4+y2 tanx

d 2
J'4y+ ;/2 _ J-se(t:anxxdx

%ln(4+y2)=lntanx+c

Specific Objectives: (b) 1,5,6; (c)5,6,7,8,9,10

=2 o ) + % In(1+9%%) + k

=,  Using quotient rule :

(1 mark)

(3 marks)

[4 marks]

(3 marks)

(1 mark)
(1 mark)

(1 mark)
[6 marks]

(1 mark)

(1 mark)

(1 mark)

(2 marks)
[5 marks]

Total 25 marks



Question 2
(@ N=25¢" (given)

(i) In1987,t=37and N=5.0

=50 =25¢*

== 2= k= - In2
37

53 53

(i) In2003,:=53 = N=25x ¢ In2=2.5(In2)"

(iif) N=10=> 10=25% = & = =4

= kt=1ln4 =2In2
2
= t = ;an = 2x37 =74

i.e. N=10 in the year 2024

Y =ucos3x + vsin 3x

®) @

= Q = —3usin3x + 3v cos3x

2

= Zx% = —9ucos3x-9v sin3x

2
§0, Sx_zy + 4% + 3y =-30 sin3x

= —(6v -12u)sin3x +{—6u +12v)cos3x = - 30sin3x

= 2u+v=5 and u =2v

= u=2andv=1.

(1 mark)
(1 mark)

(1 mark)
[3 marks]

(2 marks)
[2 marks]

(2 marks)

(1 marks)

(1 mark)

(1 mark)
[5 marks]

(2 marks)

(2 marks)

(2 marks)
(2 marks)

(2 marks)

[ 10 marks]



(i1)  the auxiliary equation of the different equation is
k*+ 4k +3=0

=  (k+3)k+1)=0
= k=-30r-1
= the complementary function is

y = Ae™ + Be™; A, B constants

General solutionis y =Ae™* + Be™ +sin3x +2cos3x.

Specific Objectives: (a) 7, 8,9, 10; (b) 1,4,5,7

SECTIONB
(MODULE 2)
Question 3
. ] A B
a)Q - +
@) () (2r—1) (2r+1)  2r-1  2r+l

= 1 = A@2r+1) + B2r-1)
= 0=2A+2B and A-B=1
= A= —l-andB=—-1—

2 2

(1 mark)

(1 mark)

(2 marks)

(1 mark)
[5 marks]

Total 25 marks

(1 mark)
(2 marks)

(2 marks)
[5 marks]



(ii)S=§——L—~-§l O (1 mark)
rop (2r-1)2r+1) D2 2r-1 0 214l
{1 1 1(1 1)1(1 1) 1{ 1 1
————— +=|=—=|+= (=== +... += -
2{1 3} 2\3 5 2\5 7 2{2n-1 2n+l
(3 marks)
_ 1 1- 1 (1 mark)
2 2n+1
[5 marks]
(iii) Asn — oo, -—1————>0 (2 marks)
2n+1
Hence Sm =?lz- (1 mark)
[3 marks]

®) ) S = 1(2) +2(5) +3(8) + ...

In each term, 1* factor is in the natural sequence and the second factor

differs by 3 (1 mark)
= then®termisn (3n - 1) (1 mark)
[2 marks]
n
(i) Sp= Y t3r-1)
r=1

1
forn =1, §, = Z r(3r-1)=1x2 =2

r=1

P (+1)=1x2=2

and (1 mark)
hence S, =n® (n+1) istrue forn = 1 (1 mark)
Assume S,=n*{n+1)forn=k eN
that is, S, =k (k+1) (1 mark)
k+1
Then, Sky] = X r(3r-1)= S+ (k+1)(3k +2) (1 mark)
r=1
= £ (k+1)+(k+1)(3k +2) (1 mark)
= (k+1) [k* +3k+2] (1 mark)
=  Sg41 = k+1D)[k+1)(k+2)] (1 mark)
= (k+1) [(k +1)+1] (1 mark)
= true for n = k+1 whenever it is assumed true forn =k, (1 mark)
=  trueforallneN
= S =n*(n+l) VneN (1 mark)
(10 marks])

Total 25 marks
Specific Objectives: (b) 1,3,5,6, 10



Question 4

@ @ LetS s%+—-+_—+_ﬁ_

i.e. S has common ratior

1 1
2t _ 2
11
2 2
1
S 2
- S is geometric with common ratio r =—213—
in
1 1_(1
i 2 2
(@) Sy 5= ————=-

(1 mark)

(1 mark)

(1 mark)

(1 mark)
[4 marks]

(1 mark)

(1 mark)

(1 mark)

(1 mark)
[4 marks]



b @ f(x)=cos2x =  fY(x)=-2sin 2x (1 mark)
=  f'(x)=-4cos2x (1 mark)
=  f%(x)=8sin2x (1 mark)
= f"(x)=16 cos2x (1 mark)

so, f(0)=1, f'(0)=0, fi(x)=—4, f"(0)=0, f*(0)=16 (1 mark)
Hence, by Maclaurin’s Theorem,

4x’ 16x*

cos2x = 1 ——5-!—+ m (1 mark)
1,2 4
=1-2x +§x (1 mark)
[7 marks].
. I+x
© O (—]
1-x
= 1+x)* 1-2" (1 mark)
= (l-i»lx——l-xz+—1—x’...Il+lx—§x2+ix’...] (2 marks)
2 8 16 2 8 16
- 1 2.1,
= 1+x+ Ex +—x (2 marks)
for-l<x <1 ’ (1 mark)
[6 marks]
. 1.02 102 1
— = == =51 1 mark
@ foos =VoE =77 (1 mark)
Bl =7 F’—x where x = 0.02 (1 mark)
-x
= 51 = 7{1‘+o.02+%(0.02)2+%(o.02)’} (1 mark)
=7.14141 (5d.p.) (1 mark)
[4 marks]

Specific Objectives: (b) 5,9, 11; (c)3, 4
Total 25 marks



9

SECTIONC
(MODULE 3)
Question 5
(a) (i} P (First card drawn has even number) = 1—5(—)- = % (1 mark)
P {Second card drawn has even number) = -;— (2 marks)

. P (Both cards have even numbers)

!
N
0 | —
N—— e’
N
O
S~—

= -;— (1 mark)
[4 marks)
(ii)) P (Both cards have odd numbers) = -:92- (1 mark)
P |One card has odd and the other has even = 1-2 (—3—] (2 marks)
i.e. both cards do not have odd
or do not have even numbers = :95- (1 mark)
{4 marks]
(®) (@) a) 32 = 0.547 [2 marks]
150
b) 39 + L = 0.76 [4 marks]
150 150
<) 2,22 . 0.267 [5 marks]
150 150 150
d) 27 = 0329 [2 marks]
82
(ii) 2.8 = 0.297 [4 marks]
150 149

Total 25 marks

Specific Objectives: (a), 5, 6,7,8,9,10, 11,12, 13



10

Question 6
5 x 3
{(a) x+2 2 1 =0
-3 2 x
5(2x-2)-x (x*+2x+3)+3 (2x+ 4 +6) = 0 (5 marks)

x* +2x* -13x-20 = 0 (1 mark)

Subs x=-4, (-4) +2(-4) -13(-4)-20=0

(x+4)(x* -2x-5)=0 (2 marks)
x=-4
Lo 2V
2
x =16 (2 marks)
[10 marks]

(b) Writing the equations in matrix form.

1 -4 -2 X 21
2 1 2 x| = 3
3 2 -1 X3 -2

The augmented matrix is

1 -4 =2 |2
2 1 2|3
3 2 -11-2
{1 mark)

Eliminate x; from Row 2 and Row 3
Subtract 2 x Row| from Row; and 3 x Row, from Rows to give

1 -4 ~2 21
0 9 6 | -39 (2 marks)
0 14 5 1-65



11

Row3 - —1—3 Row 2 gives

1 -4 -2 21
0 9 6 | -39
-13 | -13

X, )
1 -4 -2 21
0 9 6 x| = {-39
. 13 -
3 Yy 3

=3 » X2 =-5§ » X3 =1
by “back substitution”.

4-2 (4-2i)1+3)
© O  1-3 -3)0+3)

4 412 —2i - 6i*
1-9i?

44+10i +6
1+9

10+10:
10

= 1+i

i { -1 l =_’£
(i) arg is tan (1) 2

Specific Objectives: (b) 1, 2,3,4,5,6,7,8; (¢c)4,5,6,7

(2 marks)

— 1 mark :l

Xy, % — 2 markseach

(5 marks)
[10 marks]

(1 mark)

(1 mark)

(1 mark)

(1 mark)
[4 marks]

(1 mark)

[1 mark]
Total 25 marks
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SECTION A
(MODULE 1)
Question 1
(a)  The volume of the air freshener decreases exponentially with time.
Att = 0, the volume is A cm’. 1 mark
Ast — o, the volume —» 0. 1 mark
[2 marks]
1
(b) IV dV = [-kdt 1 mark
InV =-kt+c 2 marks
V= e_kt"'c 1 mark
- e—kt R
= de ™ where A=¢ 1 mark
[5 marks]
OR
i.e. V = Ae'kt , as required
OR
InV=-kt+InA 1 mark
InV-InA=-kt 1 mark
In y =—kt 1 mark
A
y = t':_kt 1 mark
A
V = Aekt , as required 1 mark
[5 marks]
(c) V= Ae'kt
At t=0, V=64:
64 = A(1) 1 mark
A=64
L V= 64«3'kt 1 mark
At t =6, V =32 1 mark

32 = 64¢0K



b 6k
2
1
In — = -6k
2
= —llnl
6

(d) Now V= 64e(1n%) (%5)
t
= V= 64(1) 6
2

Block is ineffective for V=6

Ans 20 weeks

Specific Objectives: (a) 3, 7, 8,9, 11; (c) 11

02234032/CAPE/MS/SPEC

1 mark

I mark

1 mark

1 mark

1 mark
[8 marks]

1 mark

1 mark

1 mark

1 mark

] mark
[5 marks]

Total 20 marks
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SECTION B
(MODULE 2)
Question 2
@ S, =
1-r
So -4 =10a
—r
=10(-r)=1
-9
=T =710
81cm
floor
(®)({) a) h;=2x 81 cm=162cm
b) h=2x81x2cm=2h
) 2 3x Xx2cm 3 1
c) h3=§x-§-x81x2cm=-—h2
(ii) a) Hence
hn='§'hn—l
b)  hyi=2h,s
3
(ii) S0, hy = -32- boo;,n>1
=-‘?-x2hn-z,n>2
3 3
=2x—2-x...x-2—h;
3 3.
n -1 times

n~1
—[2
(3) h

02234032/CAPE/MS/SPEC

1 mark

1 mark

1 mark
(3 marks]

1 mark

1 mark

1 mark

[3 marks]

1 mark

1 mark

[2 marks]

1 mark

1 mark

! mark

[3 marks]



(iv) Distance =h;+h;+..+h,

2 n-1
=h + %h. + (-i—) hy+..+ G) hy

“h [1+§+(§)2 +...+(g)"'1}

‘ e
- (3)
=h, 3
1 -

%

v)  Asn— o, @) 0.

5 02234032/CAPE/MS/SPEC

1 mark

1 mark

1 mark

1 mark

1 mark

1 mark

[6 marks]

2 marks

Hence, when the ball stops bouncing the distance is approximately

486 cm.

1 mark
[3 marks]

Total 20 marks

Specific Objectives: (a)3, 4; (b) §, 9, 10, 12; GO:6



Question 3

(a) ()

(i)

(®) ()

6
SECTIONC

(MODULE 3)

Number of ways of choosing 1* " song is
Number of ways of choosing 2™ song is
Number of ways of choosing 3" song is
Number of ways of choosing 4t song is
Number of ways of choosing 5% song is
Number of ways of choosing 6™ song is

Total number of waysis6x5x4x3x2x1= 6!

Number of ways of choosing 1™ " song is
Number of ways of choosing 2 song is
Number of ways of choosing 3 song is
Number of ways of choosing 4® song is
Number of ways of choosing 5‘ song is
Number of ways of choosing 6 song is

Total number of waysis 13 x12x11x10x9x 8

P (None correct ) =P (r = 0)

P (incorrect guess) =1 - 0.5

P(r=0) = —J'—_(oso)" (1-0.50)""°

(o) (4-o)

02234032/CAPE/MS/SPEC

-t W B N

13
12
11

" 10

_ 4x3x2x1 (1)(0.50)4

(1)(4x3 x 2x1)

= (0.50)*
= 0.0625

P(r=1) = 1-0.0625
= 0.938

1 mark

1 mark
[2 marks]

1 mark

1 mark

1 mark

=1235520

[3 marks]

1 mark

1 mark
1 mark

1 mark

I mark

[5 marks]
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.. 4! 1 4-1
it P{r=1) = —————— (0.50) (1-0.50 1 mark
@ Ple) = e (050) (1-050)
4x3x2x1
— (0.50){0.50
(1) 3x2x1) (0.50) (0.50)
= 4 (0.50)* =0.2500 1 mark
[2 marks]
1 4 1 (7
(c) Augmented matrix = |1 -1 2|9 1 mark
2 1 -1 |1
1 1 1 7
p—-2rp=>|1 -1 2 9 1 mark
0 - -3 1-13
1 1 1| 7
n-rn = |0 -2 2 2 1 mark
\0 -1 -3 —13J
(1 1 1| 7N
2p-rp - |0 -2 1 2 1 mark
\0 0 -7 |-28)
Re-writing the matrix gives
x+y+z=7
-2y+z=2
-7z =-28
Solving forx, yand z givesz=4,y=1,x=2 3 marks
P = (2,1,4) 1 mark
[8 marks]

Total 20 marks

Specific Objectives: (38) 2,4,7,9,10 (b) 3,4,5; GO: 5
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Section A (Module 1)

Answer ALL questions.

1. (a) In the diagram below, not drawn to scale, the curves y = 2¢> and y = ¢ intersect
atP(p, q).
y=2ex
y=e* Ay
P(p,q)
5 —;
Determine the values of p and g. PYNEC ) [ 5 marks]
(b) Solve2**!'=6forxeR. ¢ - ! IR [ 3 marks]
K Total 8 marks
2. (a) The parametric equations of a curve are x = ;i and y =2 + 2.
Find the gradient of the curve at the point (4, 4).  © ~ | [ 5 marks]
i,
(b) Differentiate with respect to x _ ki;" \ Coy
y = tan®3x + In (x%). [ 4 marks]
Pl _— Z
AR O (SR T ) ~+ - Total 9 marks
5 P o7
3 (a) Express 7~ -, in the form + , where P and Q are constants.
3 +x)(2-x) fo 2-x | [ 3 marks)
5 (‘,’7 ?’ B 7 £
) Hence, find .[ —_—dx. [ 3 marks]
(3+x)(2-x)
Total 6 marks

FAEE T AN S EIC Y RS

GO ON TO THE NEXT PAGE



Eol N
Fﬁ,;ﬂ‘ k -0 IR )
T 3L

(a) I x (2x - 5)* dx, by substituting # = 2x - 5. { 5 marks]

Obtain the following:

(b) I x sec’x dx, using integration by parts. [ 4 marks]
— "f? - [ g i [P //
T e C = /L\ [N \ /{( \'_\ Total 9 marks

The cost $¢ of manufacturing x items may be modelled by the differential equation

% 4 2= 10k = L

By using a suitable integrating factor, solve the differential equation, given that there is a cost
of $100 when no items are produced.

Total 8 marks
Section B (Module 2)
Answer ALL gquestions.
A sequence {u,} is definedby s, ., u, = 2", n2 1.
(a) Prove that i, , , = 2u,. { 4 marks)
(b) If u; = 2, find u; and us. [ 4 marks]
Total 8 marks

The sum of the first and third terms of a GP is 50, and the sum of the second and fourth
terms is 150. For this GP, find

(a) the common ratio [ 4 marks]

(b) the first term [ 2 marks]

(©) the sum of the first five terms. [ 2 marks]
Total 8 marks

GO ON TO THE NEXT PAGE



10.

5 10
Find the term independent of x in the expansion of [2.}72 - —3) ) [ 7 marks]
x
Total 7 marks
' .
(a) Use the fact that "C, = k'(n_nmk)_' to express, in terms of factorials,
(1) the coefficient u of x" in the expansion of (1 + x)z". [ 2 marks]
(i) the coefficient v of x” in the expansion of (1 + x)z" -1 [ 3 marks]
(b)  Hence, show that u = 2v. ' [ 4 marks]
Total 9 marks
2r+1 2{r+3
(@  Given that f(r) = ————, prove that f(r) — f(r + 1) = _2r+3) .
(r—l)(r—2) r(r—l)(r—Z)
[ 4 marks]
1 r+3
®) Hence, find § ————. [ 4 marks]
r=3 r(r—l)(r—Z)
Total 8 marks

GO ON TO THE NEXT PAGE



11.

12.

13.

-5.-

Section C (Module 3)
Answer ALL questions.

(a) Determine the number of ways in which the letters of the word STATISTICS may be
arranged so that the vowels are placed together. [ 3 marks]

(b) A team of five is chosen at random from 4 boys and 6 girls. Calculate the number of
ways that this team can be chosen to include at least 3 girls. [ 5 marks]

Total 8 marks

Two unbiased dice each with six faces are tossed randomly one after the other.
(a) Determine the set of possible outcomes. [ 2 marks]

(b) Find the probability that

(i) the product of the numbers on the two dice is a multiple of 5 [ 2 marks]
(i1} the second die shows the number 2 [ 1mark]

(iii)  the product of the numbers on the two dice is a multiple of 5 OR the second

die shows the number 2. [ 2 marks]
Total 7 marks
4 2 1 1 6
The matrices X and Y are givenby X=| -5 6 8jandY ={35 2]|.
7 9 -3 4 6
Calculate
(a) the determinantof X [ 4 marks]
() Y'X. [ 3 marks]
Total 7 marks

GO ON TO THE NEXT PAGE



14.

15.

1 0 3
Y and X are 3 x | matrices and are related by the equation Y = AX, where A=|7 5 O0lisa
non-singular matrix. 3 2 1
Find
(a) A _ [ 6 marks]
10
) X, when¥Y=3121. { 3 marks]
8

Total 9 marks

Air is pumped into a spherical balloon of radius r cm at the rate of 275 cm?per second.
When r = 10, calculate the rate of increase of

(a) the radius r [ 5 marks]

{(b) the surface area S. [ 4 marks]
[The volume V and surface area S of a sphere of radius r are given by V= ﬂ% and

S = 4nr? respectively.]
Total 9 marks

END OF TEST
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(@)
(b)

(a)
(b)

(c)

-2-

Section A (Module 1)

Answer BOTH questions.

Solve, for x > 0, the equation 3 loggx =2 logx8 - 5. _ [ 8 marks]

() Copy and complete the table below for values 2" and ¢ * using a calculator, where
necessary. Approximate ail values to 2 decimal places.

x =1.0 0 0.5 1.0 1.5 2.0 2.5 3.0
2* 1.00 { 141 | 2.00 4.00 8.00
e~ 2.72 0.37 0.22_ 0.05
[ 3 marks]

(ii) On the same pair of axes and using a scale of 4 cm for 1 unit on the x-axis,
4 cm for 1 unit on the y-axis, draw the graphs of the two curves y = 2* and
y=e*for-1<x<3,xe R. ' . [ 5 marks]

(i)  Use your graphs to fihd .

-a) the value of x satisfying 2*— > =0 [ 2 marks]

b) the range of values of x for which 2* — ¢~ < 0. [ 2 marks]

Total 20 marks

Show that for n > 2, tan "x = tan ? ~ 2x sec?x — tan "~ 2x. [ 3 marks]
.. dy :

Find I when y = tan "x. [ 3 marks]

LetI,,:J?tan"xdx,n22.

(i) By using the result in (a) above, show thatI +1I, _,= T [ 7 marks]
n -—
(ii) Hence evaluate I,. [ 7 marks]
Total 20 marks

GO ON TO THE NEXT PAGE
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®)

(a)

(b)

-3-

Section B (Module 2)

Answer BOTH questions.

The sequence {u,} is givenbyu,=landu, =@+ 1)u,,n21.

Prove by Mathematical Induction that u, = n! Vne N. [ 9 marks]

Given that the sum of the first » terms of a series, S, is 9 — 327",

(i)  find the n-th term of S [ 5 marks]
(ii)  show that § is a geometric progression [ 2 mark;]
(iii) find the first term and common ratio of § [ 2 marks]
(iv) deduce the sum to infinity of §. [ 2 marks]
Total 20 marks

The function fis given by f: x — x* - 4x + 1. Show that
(iy  Ax)=0 has aroot ¢ in the interval (0, 1) : [ 4 marks]

(i1) if x, is a first approximation to o of f (x) = 0.in (0, 1), the Newton-Raphson

3x,* -1

method gives a second approximation x, in (0, 1) satisfying x, = ———=.
(1)
[ 5 marks}

John’s father gave him a loan of $10 800 to buy a car. The loan was to be repaid by
12 unequal monthly instalments, starting with an initial payment of $P in the first
month. There is no interest charged on the loan, but the instalments increase by $60
per month.

(i)  Show that P =570. [ 5 marks]
(ii)  Find, in terms of n, 1 £ n < 12, an expression for the remaining debt on the loan
after John has paid the n-th instaiment. [ 6 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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Section C (Module 3)
Answer BOTH questions.

(a) A bag contains 5 white marbles and 5 black marbles. Six marbles are chosen at
random.

(i Determine the number of ways of selecting the six marbles if there are no
restrictions. [ 2 marks]

(il)  Find the probability that the marbles chosen contain more black marbles than
white marbles. [ 4 marks]

(b) The table below summarises the programme preference of 100 television viewers.

Television Number of Number of Total
Preference Males Females
Matlock 20 10 30
News 14 18 32
Friends 18 20 38
Total 52 48 100
Determine the probability that a person selected at random
() is a female - , [ 2 marks]
(ii) is a male or likes watching the News [ 4 marks]
(iin) is a female that likes watching Friends [ 2 marks]
(iv)  does not like watching Matlock. [ 2 marks]

() The table below lists the probability distribution of the number of accidents per week
on a particular highway.

Number of Accidents A
Per Week 0 1 2 3 : | 5
Probability 025| 0 |010] p 1030]{0.15
(i) Calculate the value of p. [ 2 marks]
(id) Determine the probability that there are more than 3 accidents in a week.
[ 2 marks]
Total 20 marks

GO ON TO THE NEXT PAGE
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(a) A system of equations is given by

X+y+z=10
Ix-2y+3z=35
x+y+2z=q

where « is a real number.

) Write the system in matrix form. [ 1mark ]

(ii) Write down the augmented matrix. { 1 mark]

(iii) Reduce the augmented matrix to echelon form. [ 3 marks]

(iv)  Deduce the value of o for which the system is consistent. [ 1 mark]

(v)  Find ALL solutions corresponding to this value of c. [ 4 marks]
0 -1 1

(b) Given A= -1 0O 1|,

find
(1) ki — A, where [ is the 3 x 3 Identity matrix and k is a real number [ 3 marks]

(i)  the values of k for which | kI—A | =0.
[ 7 marks]

Total 20 marks

END OF TEST
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SECTION A (Module 1)

Answer BOTH questions.

Differentiate with respect to x

(i) e*cosmx [4 marks]
. 241
Gi) In I, » [4 marks]
N X
- Given y = 37, show, by using logarithms, that
, oy |
4 = 3 I3 | (5 marlfs]

(1)  Express in partial fractions
22 -3x+4

G-DEr])’ [7 marks]
(if) Hence, find ,
2x2—-3x+4 [5 marks]

-1 GE*+1)
Total 25 marks

Solve the differential equation
L oy y = e, [5 marks]

dx

The gradient at the point (x, y) on a curve is given by

-d_y = o
i .
Given that the curve passes through the point (0, 1), find its equation. [5 marks]
Evaluate I x? In x dx, writing your answer in terms of e. [7 marks]
1

GO ON TO THE NEXT PAGE

02234020/CAPE 2008



-3-

(@) (i) Use the substitution v =1 — u to find
du '
o —_— {3 marks]
I
(ii)  Hence, or otherwise, use the substitution # = sin x to evaluate
rf2 .
J.o Vi+sinx dx [5 marks]

Total 25 marks

SECTION B (Module 2)
Answer BOTH questions.
3. (@ A sequence {u } is defined by the recurrence relation
un+l=un+n,ul=3, n € N.
(1)  State the first FOUR terms of the sequence. ' [3 marks]

(ii)  Prove by mathematical induction, or otherwise, that

n”-n+6

= — 8 mark
u, > { rks}
(b) A GP with first term a and common ratio 7 has sum to infinity 81 and the sum of the first
four terms is 65. Find the values of a and r. [6 marks]
(c) (i) Write down the first FIVE terms in the power series expansion of In (1 + x),
stating the range of values of x for which the series is valid. [3 marks]

(i) a)  Using the result from (c) (i) above, obtain a similar expansion for In (1 —x).
[2 marks]
b)  Hence, prove that

T+x ) 1 1
ln[l_xJ——Z(x+—3—x3+—5—x + ). [3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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4. (a) ‘(i) Show that the function f{x) =x*—3x + 1 has a root « in the closed interval [1, 2].
[3 marks]

(i)  Use the Newton-Raphson method to show that if x, is a first approximation to a
in the interval [1, 2], then a second approximation to « in the interval [1, 2] is

given by

2x’- 1

x, = . [S marks]
2

3x - 3
(b) (i)  Use the binomial theorem or Maclaurin’s theorem to expand (1 +x)™" in ascending
powers of x as far as the term in x°, stating the values of x for which the expansion
is valid. [4 marks]
(i)  Obtain a similar expansion for (1 — x)*. [4 marks]

(iii)  Prove that if x is so small that x* and higher powers of x can be neglected, then

1-x 1
~ 1 —x + 2 x2
] 1 x 2x.

[5 marks]

(iv)  Hence, by taking x = 117 , show, without using calculators or tables, that V2 is

approximately equal to i?gé [4 marks]
. Total 25 marks
SECTION C (Module 3)
. Answer BOTH questions.
5. (a) A cricket selection committee of 4 members is to be chosen from 5 former batsmen and

3 former bowlers.

In how many ways can this committee be selected so that the committee includes AT

- LEAST
(i) ONE former batsman? [8 marks]
(ii) ONE batsman and ONE bowler? [3 marks]

GO ON TO THE NEXT PAGE
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(b) Given the matrices

310 1 -1 1 T 1 0 1
A= 1 01|, B= 0 0-1 |and M = 0 0-3 |,
0-1 0 -1 3 -1 -1 3 -1

(i) determine EACH of the following matrices:

a) A-B i2 marks]'

b) AM [3 marks]
-(ii) deduce from (i) b) above the inverse A of the matrix A [3 marks]
(iii)  find the inatrix X such that AX + B =A. {6 marks] |

Total 25 marks

(a) (i) Express the complex number
2——3.1' in the form A (1 - i). [4 marks]
—i
(i1)  State the value of A. [1 mark ]
2-3i | '
(ii1)  Verfy that[ 5'_ il ] is a real number and state its value. [5 marks]

(b)  The complex number z is represented by the point 7T in an Argand diagram.

Given that z = 3 41_ 7 where ¢ is a variable and Z denotes the complex conjugate of z,
show that
) z+z=62 _ ‘ [7 marks]

(i1)  as ¢ varies, T lies on a circle, and state the coordinates of the centre of this circle.
' [8 marks]

Total 25 marks

END OF TEST
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SECTION A (Module 1)

Answer this question.

1. (a) The parametric equations of a curve are gfvén by'x =3f and y = 6t.
(1)  Find the value of % at the i)oint P on the curve where y = 18. [5 marks]
(ii)  Find the equation of thé normal to the curve at P. [3 marks]
b) | In an éxperlment it was dlscovéred that the volﬁme, V cm?, of a certain substance in a

room after ¢ seconds may be determined by the equation

V = 60e00"
(1)) Find % in terms of ¢. [3 marks]

(if)  Determine the rate at which the volume
a) increases after 10 seconds [1 mark ]
b) is increasing when it is 180 cm?®. [3 marks]

(iif)  Sketch the graph of V= 60 e %% showing the point(s) of intersection, where they
exist, with the axes. {5 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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SECTION B (Module 2)
Answer this question.
2. (a) Matthew started a savings account at a local bank by depositing $5 in the first week. In

each succeeding week after the first, he added twice the amount deposited in the previous
week.

(i)  Derive an expression for
- a) the amount deposited in the r® week, in terms of r - [3 marks]

b) the TOTAL amount in the account after » weeks, in terms of n.
: [3 marks]

(i1)  Calculate the MINIMUM number, n, of week;s it would take for the amount in the
account to exceed $1000.00 if no withdrawal is made. [3 marks]

(b) The series S is given by

=1L 1 n 1
S”-12+34+58+716+
(i)  Express S as the sum of an AP and a GP. [3 marks]
(i)  Find the sum of the first # terms of S. [3 marks]
(c) (i)  Use the binomial theorem to expand i 1 as a power series in y as far as the
term in y*. : Y [2 marks]

(i1)  Given that the Maclaurin series expansion for cos x is

_ x? x* x®
cosx——l——z!—+-z!—~w+

find the first THREE non-zero terms in the power series expansion of sec x.
[3 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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SECTION C (Module 3)

Answer this question.

By considering the augmented matrix for the following system of equations,

determine the value of k for which the system is consistent.

x+3y+5z =2
x+4y -z 1 :
y—-6z =k [S marks]

Find ALL the solutions to the system for the value of & obtained in (i) above. .
' ' : [4 marks]

(b) The probability that a person selected at random

838244

owns a car is 0.25
is self-employed is 0.40
is self-employed OR owns a car is 0.6.

Determine the probability that a person selected at random owns a car AND is
self-employed. [4 marks]

Stating a reason in EACH case, determine whether the events ‘owns a car’ and
‘is self-employed’ are
a) independent events . [4 marks]

b) mutually exclusive events. [3 marks]

Total 20 marks

END OF TEST
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SECTION A (Module 1)

Answer BOTH questions.

1. (a) Find the exact values of x such that
e+ T7e*=38. [5 marks]

(b) Given that u = & + ¢, v = ¢ — ¢, show that

N
d?u d*v du dv '
—_— et —— = _ .
2 2 2 [ i de [7 marks]
(c) (i) Differentiate with respect to x
(x In x) sin™! 2x. . [4 marks]
(i) A curve C has parametric equations
x=3f+S5, y=2f+6t
a) Show that % =;+1 [3 marks]
dx t
b)  Show that C has points of inflexion at (8, 8) and (8, —8). [6 marks]
Total 25 marks
2. @ () Find j% In x dx. [3 marks]
(i)  Solve the differential equation
x’%+xy=lnx. [S marks]
(b) (i) Find the values of the constants m and n, given that y = m cos x + n sin x satisfies
the differential equation
d*y dy _ .
7‘;2——4E+3y—10 sin x. [5 marks]
(ii) Hencé, find the general solution of the differential eqilation. [3 marks]
GO ON TO THE NEXT PAGE
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©) (i) Express (x%—ifj(cx;fl) in partial fractions. [6 marks]
Gi) Hence, fmd_[ 2+3x-xt [3 marks]
(x-1)(2+1)
Total 25 marks
SECTION B (Module 2)
Answer BOTH questions.

3. (a) ) LetS=3 rand T=3 (n+1-7).

r=1 r=1
a) Showthat T=S. ' {2 marks]
b) Deduce that S = —;— nn+1). ' [3 marks]

(ii)  Use the principle of mathematical induction to prove that

> rz=%n(n+1) @n+1). [7 marks]
r=1 .

(iii) Hence, prove that 3 2r 3r+1)=2n(n+ 1)~ [4 marks]

r=1

(b) (i) Show that the equation x* + 3x* + 6x — 3 = 0 has a root o between 0 and 1.
[2 marks]

(i) Prove that ¢ is the only real root. [3 marks]

(iii)) Using TWO iterations of the Newton-Raphson method, find & correct to 2 decimal
places. [4 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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4, (a) The sequence {a } of positive numbers is defined by

_4(1+a) 3
anH—W—,al:?.

n

() Finda, and a,. [2 marks]

(i) Expressa,

+1

-2 interms of a . [2 marks]
(iii)  Given that g <2 for all n, show that |
a) a <2 [3 marks]
b) a, <a [6 marks]
(b)  Find the term independent of x in the binomial expansion of (¥ - -%)15.

[You may leave your answer in the form of factorials and powers, for example, 15t 8]

2!
[6 marks]
(c) Use the binomial theorem to find the diﬁ'erencé between 21 and (2.002)¥ correct to 5
decimal places. . [6 marks]
Total 25 marks

SECTION C (Module 3)

Answer BOTH questions.

5. 7 (a) - Four-digit numbers are formed from the digits 1, 2, 3, 4, 7, 9.
(i) How many 4-digit numbers can be formed if
a) the digits, 1, 2, 3, 4, 7, 9, can all be repeated? {2 marks]
b) none of the digits, 1, 2, 3, 4, 7, 9, can be repeated? [2 marks]

(ii) Calculate the probability that a 4-digit number in (a) (i) b) above is even.
[3 marks]

(b) A father and son practise shooting at basketball, and score when the ball hits the basket.

The son scores 75% of the time and the father scores 4 out of 7 tries. If EACH takes one
shot at the basket, calculate the probability that only ONE of them scores. [6 marks]

GO ON TO THE NEXT PAGE
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(i)  Find the values of 4, k£ € R such that 3 + 4i is a root of the quadratic equation
Z2+hz+k=0. [6 marks]
(i)  Use De Moivre’s theorem for (cos 6 + i sin 8)* to show that
cos 30 =4 cos®* 0 -3 cos 0. [6 marks]

Total 25 marks

Solve for x the equation

1 1 1
x 2 1 =0.
x3 8 1. [12 marks]

The Popular Taxi Servige in a certain city provides transportation for tours of the city
using cars, coaches and buses. Selection of vehicles for tours of distances (in km) is as
follows:
x cars, 2y coaches and 3z buses cover 34 km tours.
2x cars, 3y coaches and 4z buses cover 49 km tours.
3x cars, 4y cdaches and 6z buses cover 71 km tours.
(i) Express the information above as a matrix equation

AX=Y

where A is 3 x'3 matrix, X and Y are 3 x 1 matrices with

X
X=1|y

z 3 mark.s]
G) LetB = |4 0 2
0 6 -4
2 4 2

a) Calculate AB. [3 marks]

b) Deduce the inverse A of A. [3 marks]

(iii)  Hence, or otherwise, determine the number of cars and buses used in
the 34 km tours. [4 marks]

Total 25 marks

END OF TEST
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SECTION A (Module 1)

Answer this question.

1. (a) Given that x=In [y +V (3? —-1)],y> 1, express y in terms of x. [5 marks]
(b) Use the substitution # = sin x to find

J. cos® x dx. [6 marks]

(c) Engine oil at temperature T °C cools according to the model
T=60e*+10
where ¢ is the time in minutes from the moment the engine is switched off.

(i) Determine the initial temperature of the oil when the engine is first switched off.
[2 marks]

(ii) Ifthe oil cools to 32°C after three minutes, determine how long it will take for the
oil to cool to a temperature of 15°C. [7 marks]

Total 20 marks

SECTION B (Module 2)

Answer this question.

2. (@) (i)  Write the general term of the series whose first four terms are

1 1 1 1
Tx3  3x5  S5x7 @ 7x9

+ ... [2 marks]

(i) Use the method of differences to find the sum of the first » terms. [5 marks]

(iii)  Show that the series converges and find its sum to infinity. [3 marks]

GO ON TO THE NEXT PAGE
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(b) The diagram below (not drawn to scale) shows part of the suspension of a bridge.
A support cable POQ, is in the shape of a curve with equation

y= —1% I x3n l+ ¢, where c is a constant.

Starting at P, through O and finishing at Q, 51 vertical cables are bolted 1 metre apart to
the roadway and to the support cable POQ. The shortest vertical cable OA has a length of
5 metres, where O is the lowest point of the support cable.

The cost, in dollars, of installing the cable LH at a horizontal distance of r metres from
OA is $100 plus $ 2 ¥ r, where h is the height of the point L above O.

P ' Q

Support
Cable

N A

/ Roadway

A H
(i) Find, in terms of r, the cost of installing the cable LH. [4 marks]
(i) Hence, obtain the total cost of installing the 51 vertical cables. [6 marks]
Total 20 marks
GO ON TO THE NEXT PAGE
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SECTION C (Module 3)

Answer this question.

(1 —2i) (7 + 1)

(a) Letz=

(1+iy
(i)  Express z in the form a + bi, where a, b € R. [5 marks]
(ii)  Calculate the exact value of | z |. [3 marks]

(b) Two 3 x 1 matrices X and Y satisfy the equation X = AY, where the matrix

1 -1 1
A= 3 2 4 is non-singular.
4 1 6
Find
(i A’ [8 marks]
6
(i) Y,whenX=1| 4 |. [4 marks]
11
Total 20 marks
END OF TEST
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SECTION A MMMe 1)
Answer BOTH questions.
1. (@ Find W if
dx
(i) y=sin? 5x + sin? 3x + cos? 3x [3 marks]
(i) y=+vcos x? [4 marks]
Gi) y=x. . [4 marks]
™ 6 Giventhaty=cor‘x,whae0500r'xsn,provethat%-=——ll—xz—.

[Note: cos'x = arc cos x] [7 marks]

(ii) The parametric equations of a curve are defined in terms of a parameter ¢ by
y=N1-¢t and x=cos™ ¢, where 0<t<1.

a)  Show that % - —-——‘“2"‘ ‘ {4 marks]

2.
b) Hence, find %,%2, in terms of ¢, giving your answer in simplified form.
[3 marks]

Total 25 marks

1
2. (a)  Sketch the region whose area is defined by the integral I V1-x dx.  [3 marks]
0

1
(b) Using FIVE vertical strips, apply the trapezium rule to show that I o\j 1-x* dx= 0.759.

[6 marks]
(c) (i) Use integration by parts to show that, if /= .[ V1-x dx, then
1=x~11-x2-1+j~—1—dx. [9 marks]
1-x?
GO ON TO THE NEXT PAGE
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(i) Deduce that 7 = —* Y1 ""2 +8I'X 4 ¢ where c is an arbitrary constant of
integration. '
[Note: cosx = arc cos x] [2 marks]
. 1
(i) Hence, find j' VI-2 . [3 marks]
[}

(iv)  Use the results in Parts (b) and (c) (iii) above to find an approximation to =.

[2 marks]
Total 25 marks

SECTION B (Module 2)

Answer BOTH questions.

3. (a) A sequence {¢ } is defined by the recurrence relation
t,, =t +5, ¢t =11 forall n € N.

(1) Determine ¢, ¢, and 1, [3 marks]
(i)  Express ¢ in terms of n. (5 marks]

() Find the range of values of x for which the common ratio r of a convergent geometric
2x-3

series is e [8 marks]
_ 1
(C) Letj(r)-—r—+l—,reN.
(i) Express f{r)—Ar+1) interms of r. [3 marks]
(ii) Hence, or otherwise, find
n 4 .
S =% ——— 4 ks
SR CET Yoy 14 marks]
(iii) Deduce the sum to infinity of the series in (c) (ii) above. [2 marks]
Total 25 marks
GO ON TO THE NEXT PAGE
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4. (a) (i) Find # € N such that 5(*C,) = 2("*C)). [S marks]
(ii) The coefficient of x* in the expansion of
(1+2x)* (1+px)*
is —26. Find the possible values of the real number p. [7 marks]
(b) (i) Write down the first FOUR non-zero terms of the power series expansion of
In (1 + 2x), stating the range of values of x for which the series is valid.
[2 marks]

(ii) Use Maclaurin’s theorem to obtain the first THREE non-zero terms in the power
series expansion in x of sin 2x. {7 marks]

(iii) Hence, or otherwise, obtain the first THREE non-zero terms in the power series
expansion in x of

In(1+sin2x). o [4 marks]

Total 25 marks

SECTION C (Module 3)

Answer BOTH questions.
s. (a) A committee of 4 persons is to be chosen from 8 persons, including Mr Smith and his
: wife. Mr Smith will not join the committee without his wife, but his wife will join the

committee without him.

Calculate the number of ways in which the committee of 4 persons can be formed. '

[S marks]
(b) Two balls are drawn without replacement from a bag containing 12 balls numbered 1 to
12. :
Find the probability that
(i) the numbers on BOTH balls are even [4 marks]
(ii)  the number on one ball is odd and the number on the other ball is even.
[4 marks]
GO ON TO THE NEXT PAGE
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(c) (i) Find complex numbers u = x + iy such that x and y are real numbers and

uw = —-15 + 8i
(ii) Hence, or otherwise, solve for z the equation

2-(3+2)z+ G +i) =0,

(a) Solve for x the equation
x—3 1 -1
1 x-5 11 =0
-1 1 x-3

(b) (i) Given the matrices

1 -1 1 30 -12
A=|1 =2 4|, B=|5 -8
1 3 9 -5 4

a)  find AB

b) hence deduce the inverse A~ of the matrix A.

(ii) A system of equations is given by

x—-y+z=1

]

x—-2y+4z=25
x + 3y + 9z = 25,

a) Express the system in the form

[7 marks}

[5 marks]

Total 25 marks

[10 marks]

[4 marks]

[3 marks]

Ax =Db, where A is a matrix and x and b are column vectors.

b) Hence, or otherwise, solve the system of equations. [S marks]

END OF TEST

Total 25 marks
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SECTION A (Module 1)

Answer this question.
Solve the differential equation

dy y 2 |
dx xG+D x+ e~ [7 marks]

A curve is being cut by an automatic machine. The x and y coordinates of the curve are
connected by the differential equation

by s 4 - s
il de 4y = Ssinx + 3 cosx.

Find the equation of the curve, given that the curve passes through the origin and that
y=e¥—c* whenx=m. [13 marks]

Total 20 marks

SECTION B (Module 2)

Answer this question.

Prove by mathematical induction that

n

3P = n(n+1)
r=1 4
for all integers n > 1. ‘ [7 marks]
An A P. with ten terms has first term 60 and last term —120. Find the sum of ALL the
terms. [4 marks]
GO ON TO THE NEXT PAGE
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(©) John’s starting annual salary at a company is $25 000. His contract at the company states
that his annual salary in subsequent years will be increased by 2% over the salary of the
previous year.

Find, to the nearest dollar,

®
(i)

John’s salary for the tenth year with the company

{4 marks]

the TOTAL amount of money which the company would have paid to John at the

end of his first ten years with the company.

SECTION C (Module 3)

Answer this question.

[S marks]

Total 20 marks

(a) There are 6 staff members and 7 students on the sports council of a college. A committee
of 10 persons is to be selected to organize a tournament. Calculate the number of ways in
which the committee can be selected if the number of students must be greater than or
equal to the number of staff members.

()] A and B are events such that

P(4)=06, P(B)=02 and PAn B) = 0.1.

Calculate
i) PAuU B)
i) PAN B)
(iii)  the probability that exactly ONE of A and B will occur.
© (i)  Show that the locus of the complex number z such that
lz+i-1| =S5
is a circle.
(ii) Find the centre and radius of the circle in (¢) (i) above.

END OF TEST

{6 marks]

[2 marks]
[2 marks]

[4 marks]

[4 marks]
[2 marks]

Total 20 marks
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SECTION A (Module 1)

Answer BOTH questions.

1. (a) The temperature of water, x° C, in an insulated tank at time, ¢ hours, may be modelled by
the equation x = 65 + 8¢™°%'. Determine the

(i) initial temperature of the water in the tank [2 marks]

(i)  temperature at which the water in the tank will eventually stabilize

[2 marks]
(iii)  time when the temperature of the water in the tank is 70° C. [4 marks]
) (i)  Given that y = ™ '@, where — -% n <tan™ (2x) < —;— n, show that
(1 + 4x2) % =2y. [4 marks]
2.
(i)  Hence, show that (1 + 4x2)? % =4y (1 - 4x). [4 marks]
. 4
Det J'
() etermine pea
(i) by using the substitution u = e* [6 marks]
(ii) by first multiplying both the numerator and denominator of the integrand 1 7
by e~*before integrating. [3 marks]

Total 25 marks
2. (a) (i) Given that n is a positive integer, find % [x (In x)"]. [4 marks]

(ii)  Hence, or otherwise, derive the reduction formula I =x (Inx)”—nl _,, where

I = j (In x)" dx. [4 marks]

(iii)  Use the reduction formula in (a) (ii) above to determine I(ln x)*dx. [6 marks]

GO ON TO THE NEXT PAGE
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(b) The amount of salt, y kg, that dissolves in a tank of water at time ¢ minutes satisfies the

. . . dy 2y _
differential equatlon?+ 7T 10 3.

(i)  Using a suitable integrating factor, show that the general solution of this differential

equationisy=¢+ 10 + where c is an arbitrary constant.  [7 marks]

_c
¢+ 107"

(i)  Given that the tank initially contains 5 kg of salt in the liquid, calculate the amount

of salt that dissolves in the tank of water at t = 15. [4 marks]
Total 25 marks
SECTION B (Module 2)
Answer BOTH questions.
3. (a) The first four terms of a sequence are

2x3, 5x5, 8x7, 11x09.
(i)  Express, in terms of r, the r th term of the sequence. [2 marks]

(i) IfS, denotes the series formed by summing the first n terms of the sequence, find
S in terms of n. [S marks]

(b) The 9* term of an A.P. is three times the 3™ term and the sum of the first 10 terms is 110.

Find the first term a and the common difference d. [6 marks]
(©) ()  Use the binominal theorem to expand (1 + 2x)* as far as the term in x*, stating the
values of x for which the expansion is valid. [5 marks]
.. 1
(i)  Prove that X = —(1+x-V1+2x) forx>0. [4 marks]
1+x+V1+2x %

(iif)  Hence, or otherwise, show that, if x is small so that the term in x* and higher powers
of x can be neglected, the expansion in (c) (ii) above is approximately equal to

;—x (1 -x). [3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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By expressing "C_and "C, | in terms of factorials, prove that"C_+"C _ ="*IC.

[6 marks]
a)  Given that 7 is a positive integer and f{r) = %, show that
O -Ar+ )= (r-:l)! [3 marks]
b)  Hence, or otherwise, find the sum
S -El Nk [5 marks]
¢)  Deduce the sum to infinity of S in (ii) b) above. [2 marks]

Show that the function f{x) = x* — 6x + 4 has a root x in the closed interval [0, 1].
RTI [5 marks]

By taking 0.6 as a first approximation of x, in the interval [0, 1], use the Newton-
Raphson method to obtain a second approximation x, in the interval [0, 1].
[4 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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SECTION C (Module 3)

Answer BOTH questions.

s. (a) Calculate

)

(i)

the number of different permutatlons of the 8 letters of the word SYLLABUS
[3 marks]

the number of different selections of 5 letters which can be made from the letters
of the word SYLLABUS. [S marks]

(b) The events A and B are such that P(A) 0. 4 P(B) O 45 and P(4 v B)=0.68.

®
(i)

(©) ®

(i)

02234020/CAPE 20 lb

Find PU N B). ’ [3 marks]

Stating a reason in each case, determine whether or not the events 4 and B are

a)  mutually exclusive [3 marks]
b) independent. [3 marks]
Express the complex number (2 + 3i) +d T in the form a + ib, where a and b are
both real numbers. [4 marks]
Given that 1 — i is the root of the equation z* + z2 — 4z + 6 = 0, find the remaining
roots. [4 marks]
Total 25 marks

GO ON TO THE NEXT PAGE
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(a) A system of equations is given by
x+y+z=0
xt+ty—-z=-1
x+2y+4z=k

where k is a real number.

(i)  Write the augmented matrix of the system. [2 marks]

(i) Reduce the augmented matrix to echelon form. [3 marks]
(iii)  Deduce the value of & for which the system is consistent. [2 marks]

(iv)  Find ALL solutions corresponding to the value of & obtained in (iii) above.

[4 marks]
®) 0 -1 1-
GivenA= |~1 0 1
1 1 1
(i) Find

a) A2 [4 marks]
b) B=3I+A4-4° [4 marks]
(i) Calculate AB. [4 marks]
(iii)  Deduce the inverse, 47!, of the matrix 4. [2 marks]
Total 25 marks

END OF TEST
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SECTION A (Module 1)

Answer this questions.

1. (a) Express in partial fractions

—l=x [7 marks]

(b) The rate of change of a populatlon of bugs is modelled by the differential equatlon

dy
dr

constant. Initially, the population is y, and it doubles in size in 3 days.

— ky = 0, where y is the size of the population at time, ¢, given in days, and & is the
(i) Show that
a) y=y,e" [7 marks]
b) k= —;— in 2. [3 marks]
(if)  Find the proportional increase in population at the end of the second day.

[3 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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SECTION B (Module 2)

Answer this questions.

2. (a) The sum to infinity of a convergent geometric series is equal to six times the first term.
Find the common ratio of the series. [5 marks]
(b) Find the sum to infinity of the series £ a whose r thterm g is
r=1
+
2rr' ! . [8 marks]

(©) A truck bought for $15 000 depreciates at the rate of 12 —%—- % each year. Calculate the
value of the truck

() after | year [2 marks]
(i) after t years [2 marks]
(iii) when its value FIRST falls below $5 000. [3 marks]
Total 20 marks

GO ON TO THE NEXT PAGE
02234032/CAPE 2010



(@)

(b)
©

-4 -

SECTION C (Module 3)

Answer this questions.

Find the number of integers between 300 and 1 000 which can be formed by using the
digits 1,3,5,7and 9

(i)  if NO digit can be repeated {3 marks]
(ii) if ANY digit can be repeated. [2 marks]
Find the probability that a number in (a) (ii) above ends with the digit 9. [3 marks]

A farmer made three separate visits to the chicken farm to purchase chickens. On each
visit he paid $ x for each grade A chicken, $ y for each grade B chicken and $ z for each
grade C. His calculations are summarised in the table below.

Number Number of Chickens Bought Total

of Spent
Visits Grade A Grade B Grade C $

1 20 40 60 1120

2 40 60 80 1720

3 60 80 120 2480

(1)  Use the information above to form a system of linear equations in x, y and z.

[3 marks]
(ii)  Express the system of equations in the form Ax = b. [2 marks]
(iii)  Solve the equations to find x, y and z. [7 marks]

Total 20 marks

END OF TEST

02234032/CAPE 2010
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SECTION A (Module 1)

Answer BOTH questions.
1. (2 E&nd-f%}if
(i) xX¥*+y"—2x+2y—-14=0 [3 marks]
(i) y=eor [3 marks]
(iii)  y = cos® 6x + sin? 8x. [3 marks]

(b) Lﬁy=xﬁn%3x¢0

Show that
. dy 1
= =y — k
(1) X a0 Y cos(x) [3 marks]
d*y
) x* oz Tr= 0. [3 marks]
©) A curve is given by the parametric equations x =V 7, y—t= ——l\/: .
t
(i)  Find the gradient of the tangent to the curve at the point where ¢ = 4.
[7 marks]
(ii))  Find the equation of the tangent to the curve at the point where 7 = 4.
[3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2011



2. (a LetF(x)=—1'—I retdt
n nl J,
(1) Find F (x) and F (0), given that 0! = 1. [3 marks])
(i) ShowthatF (x)=F  (x)— % X e, [7 marks]

(iii)  Hence, show that if M is an integer greater than 1, then

- XX xM
e"FM(x)——(x+—2—!+§+...+M)+(e"——1). [4 marks]
(b) (i)  Express ézxz—;%z in partial fractions. [S marks]
(i) Hence, ﬁnd.[ (?ZT-FI:;Z dx. [6 marks]
Total 25 marks
GO ON TO THE NEXT PAGE
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3. (a) The sequence of positive terms, {x }, is defined by x

—

@)

(i1)
(b) (1)

(i)

(iii)

(iv)

02234020/CAPE 2011
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SECTION B (Module 2)

Answer BOTH questions.

1 1
=x2n+7,x1<7,n21.

+1

Show, by mathematical induction, that x < % for all positive integers 7.

[5 marks]
By considering x - x ,show thatx <x . [3 marks]
Find the constants 4 and B such that
2-3x A B
= + . 3 k
A-0(-20 T-x 1-2 [3 marks]

Obtain the first FOUR non-zero terms of the expansion of each of (1 —x)' and
(1 —2x)" as power series of x in ascending order. [4 marks]

Find

a) the range of values of x for which the series expansion of

2—3x
(1-x(-2x)
is valid [2 marks]
b) the coefficient of x” in (iii) a) above. [2 marks]

The sum, S , of the first # terms of a series is given by
S =n(3n-4).

Show that the series is an Arithmetic Progression (A.P.) with common
difference 6. [6 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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4. (@) A Geometric Progression (G.P.) with first term a and common ratio », 0 < r < 1, is such

26

3 and their product is 8.

that the sum of the first three terms is

(i) Showthatr+1+ —’17 = 13—3 . [4 marks]

(i1))  Hence, find

a)  the value of r |4 marks]
b) the value of ¢ [1 mark ]
c) the sum to infinity of the G.P. [2 marks]
(b) Expand
2
s xI<1
in ascending powers of x as far as the term in x*. [5 marks]

© Letfir) = r(r17+1)’r € N.

(i)  Express Ar) —f(r+ 1) in terms of r. [3 marks]

(ii)  Hence, or otherwise, find

s =2 4. [4 marks]
o=l p(r+1)(r+2)

(iii))  Deduce the sum to infinity of the series in (c) (ii) above. [2 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2011
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SECTION C (Module 3)

Answer BOTH questions.

5. (a) [ 7 J is defined as the number of ways of selecting » distinct objects from a given set of
r

n distinct objects. From the definition, show that

(1) n} = [ " ] [2 marks]
Lr n—vr

[ +1 n n
(i1) nr j = [},J + [r—l} [4 marks]

(iii)  Hence, prove that

HEHIRIHEH

is a perfect square. [3 marks]
(b) (i)  Find the number of 5-digit numbers greater than 30 000 which can be formed with
the digits, 1, 3, 5, 6 and 8, if no digit is repeated. [3 marks]

(1)  What is the probability of one of the numbers chosen in (b) (i) being even?
[5 marks]
(©) (i) a) Show that (1 — ) is one of the square roots of —2i. [2 marks]
b)  Find the other square root. [1 mark ]

(ii)  Hence, find the roots of the quadratic equation

Z—(B+5)z+(8i-4)=0. [S marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2011



(@) 1 1 1
The matrix A = | 2 -3 2
-1 3 =2

(i)  Show that| A |=5. [3 marks]

(i)  Matrix A is changed to form new matrices B, C and D. Write down the determinant
of EACH of the new matrices, giving a reason for your answer in EACH case.

a)  Matrix B is formed by interchanging row 1 and row 2 of matrix A and then
interchanging column 1 and column 2 of the resulting matrix. [2 marks]

b) Row 1 of matrix C is formed by adding row 2 to row 1 of matrix A. The
other rows remain unchanged. {2 marks]

c)  Matrix D is formed by multiplying each element of matrix A by 5.

[2 marks]
(b) 12 -1 5
Giventhe matrixM =| 2 -1 0 |,
-9 2 -5
Find
i) AM [3 marks]
(i)  theinverse, A, of A. [2 marks]
(©) (i)  Write the system of equations
x +y +z =5
2x — 3y + 2z=-10
—-x — 3y — 2z= -11
in the form Ax = b. [1 mark ]
(ii)  Show thatx=A"'b. [2 marks]
(iii)  Hence, solve the system of eqﬁations. [2 marks]

(iv) a)  Showthat(x,y,z)=(1, 1, 1)is asolution of the following system of equations:

x +y +z =3
2x+ 2y + 2z = 6
3x+ 3y + 32 =9 [1 mark ]
b)  Hence, find the general solution of the system. [5 marks]
Total 25 marks
END OF TEST

02234020/CAPE 2011
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SECTION A (Module 1)

Answer this question.

1. (a) A target is moving along a curve whose parametric equations are
x=4-3cost, y=5+2sint,
where 7 is the time. The distances are measured in metres.
Let 0 be the angle which the tangent to the curve makes with the positive x-axis.

(i)  Find the rate at which 8 is increasing or decreasing when ¢ = % seconds.

[7 marksj
(i)  What are the units of the rate of increase? [1 mark |
(iii)  Find the Cartesian equation of the curve. [2 marks]
(b) Find the general solution of the differential equation

&y 3 b 4 g
2 e 4y = 8x°, [10 marks]
Total 20 marks

SECTION B (Module 2)
Answer this question.
2. (a) (i)  Show that the equation x? + 8x — 8 = 0 has a root, a, in the interval [0, 1].

(3 marks]

(i) By taking x, = 0 as the first approximation for a and using the formula

8—x? . o
X1 T g “— three times, find a better approximation for a. [3 marksj

n+l

(b) (1)  Write down the first FOUR non-zero terms of the expansions of In (1 —x) and ¢~
in ascending powers of x, stating for EACH expansion the range of values of x for
which it is valid. [3 marks]

2 3
(G3) If-l1<x<landy==x+ % + % + ..., prove that

x=1-¢e7. {2 marks]

GO ON TO THE NEXT PAGE
02234032/CAPE 2011
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(© In a model for the growth of a population, p, is the number of individuals in the population
at the end of » years. Initially, the population consists of 1000 individuals. In EACH
calendar year (January to December), the population increases by 20% and on 31 December,
100 individuals leave the population.

()  Calculate the values of p, and p,. |2 marks]
(ii)  Obtain an equation connecting p . and p . [1 mark |
(iti)  Show that p = 500(1.2)" + 500. [6 marks]

Total 20 marks

SECTION C (Module 3)

Answer this question.

(a) 5 -6 -6
LetA=| -1 4 2
3 -6 -4

(i)  Show that A2—3A +2I=0. [6 marks]

(i)  Deduce that A = ;— (BI-A). [4 marks]

(iii)  Hence, find the solution of the system of equations

5x —6y—6z=10
—x+4y+2z=-4

3x—6y—4z=8. [3 marks]
2+i . . 1
(b) Ifz= =7 find the real and imaginary parts of z + " [4 marks]
(©) Ifz+ —;— is written in the form r (cos 0 + i sin 8) where r is the real and positive, find »
and tan 0. (3 marks]

Total 20 marks

END OF TEST

02234032/CAPE 2011
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SECTION A (Module 1)
Answer BOTH questions.
1. @ (i) Given the curve y = x* &',
fi dz
a) nd Fcﬁ— [5 marks]
b) find the x-coordinates of the points at which % =0 [2 marks]
2

c¢) find the x-coordinates of the points at which dy 0 [2 marks]

dx*

(i) Hence , determine if the coordinates identified in (i) b) and c) above are at the
maxima, minima or points of inflection of y = x* &". [7 marks]

(b) A curve is defined by the parametric equations x =sin™ V7, y=7-2t.
Find

(i) the gradient of a tangent to the curve at the point with parameter ¢ [6 marks]

(ii)  the equation of the tangent at the point where ¢ = % [3 marks]
Total 25 marks
GO ON TO THE NEXT PAGE
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2. (a) (i)  Express
B > S in partial fractions. [7 marks]
x-DEE+D ‘
(i)  Hence, find
2
X —3x [5 marks]

R

(b) (i)  Given that sin 4 cos B — cos 4 sin B = sin (4 — B) show that

_cos 3x sin x = sin 3x ¢os x — sin 2x. [2 marks]
Gi) 1f Z,= [cos”xsin3x dx and
J = Icos”' x sin 2x dx,

‘prove that (m+3) I =mJ_ —cos” x cos 3x. [7 marks]

(iii)  Hence, by putting m = 1, prove that

z I
4]4 cosxsin3xdx=j4 sin2xdx+%. [2 marks]
0 0
z
(iv) Evaluate_‘. * sin 2x dx. [2 marks]
0
Total 25 marks
GO.ON TO THE NEXT PAGE
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SECTION B (Module 2)

Answer BOTH questions.

3. (a) For a particular G.P., u, = 486 and u, = 118 098, where u_is the n™ term.

M
(i1)

Calculate the first term, g, and the common ratio, r. [5 marks]

Hence, calculate nif § =177 146. [4 marks]

(b) The first four terms of a sequence are 1 x 3,2 x 4,3 x 5,4 x 6.

@
(i1)

(© @

(ii)

02234020/CAPE 2012

Express, in terms of 7, the #* term, u , of the sequence. [2 marks]
Prové, by mathematical induction, that

n
2 u =

%n (n+1) @n+7),yne N. [7 marks]
r=1

Use Maclaurin’s Theorem to find the first three non-zero terms in the power series
expansion of cos 2x. [S marks]

Hence, or otherwise, obtain the first two non-zero terms in the power series
expansion of sin” x. » [2 marks]

Total 25 marks

GO ON TO THE NEXT PAGE



4. (a) (i) Express [ ;z} in terms of factorials. [1 mark ]
n
(i)  Hence, show that [ " ] = [ _ ] [3 marks]
r n—r
3 8
(iii)  Find the coefficient of x* in [xz —YJ . [5 marks]

(iv)  Using the identity (1 +x)*" = (1 + x)" (1 + x)", show that

2n n
2 2 2 2 2
[n =cotcyteyt ...+, tc,, wherec =| |
[8 marksj

(b) Letf(x)=2x*+3x*—4x-1=0.

(1)  Use the intermediate value theorem to determine whether the equation f (x) has
any roots in the interval [0.2, 2]. [2 marks]

(i)  Usingx, = 0.6 as a first approximation of a root T of f(x), execute FOUR iterations
of the Newton—Raphson method to obtain a second approximation, x,, of T.

[6 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2012
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SECTION C (Module 3)

Answer BOTH questions.

5. (a) How many 4-digit even numbers can be formed from the digits 1,2, 3,4,6, 7, 8
(i)  if each digit appears at most once? [4 marks]
(if)  if there is no restriction on the number of times a digit may appear? [3 marks]

(b) A committee of five is to be formed from among six Jamaicans, two Tobagonians and
three Guyanese.

(i)  Find the probability that the committee consists entirely of Jamaicans.
|3 marks]

(ii) Find the number of ways in which the committee can be formed, given the

following restriction: There are as many Tobagonians on the committee as there
are Guyanese. . [6 marks]

©) Let A be the matrix 1 0 3

2 1 -1

1 -1 1
(i)  Find the matrix B, where B=A?-3A — L. [3 marks]
(i)  Show that AB =-91. [1 mark ]
(iii)  Hence, find the inverse, A™', of A. : [2 marks]

(iv)  Solve the system of linear equations

x 3
B y = -1 7.
z 2 [3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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(a) (i) Draw the points A and B on an Argand -diagram,

where A = i—i—;— and B = —ig . [6 marks]
(1)  Hence, or otherwise, show that the argument of —(—1—4_—1—\/;—51—4-1—) 1s EXACTLY —3875— .
[S marks]
b (i)  Find ALL complex numbers, z, such that 2 = i. [3 marks]
(i)  Hence, find ALL complex roots of the equation
Z2-(3+5)z—-(4-T)=0. [5 marks]
(c) Use de Moivre’s theorem to show that
cos 6 8= cos® - 15 cos* @sin? @ + 15 cos? § sin* @ —sin® 6 . [6 marks]
 Total 25 marks

END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.
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SECTION A (Module' 1)

Answer this question.

1
x(x-1)3

1. (a) Given thaty = m

2

by taking logarithms of both sides, or otherwise, find %— in terms of x. [4 marks]

(b) (i)  Sketch the curve y = V1 +x*, for values of x between — % and 1. [3 marks]

(i)  Using the trapezium rule, with 5 intervals, find an approximation to
1
j V1+2 dx [5 marks]
0
(©) (i)  Use integration by parts to find
J. x2 cos x dx. : [6 marks]

(i)  Hence, find the area under the curve y = x? cos x, between x = 0 and x = % .
[2 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
02234032/CAPE 2012 )
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(i)
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SECTION B (Module 2)
Answer this question.

5

Write down the binomial expansion of [1 + % x] . [4 marks]
Hence, calculate (1.025)° correct to three decimal places. [4 marks]

(b) Let f(x) = x> — 5x + 3 and g(x) = €* be two functions.

@

(i)

(iii)

02234032/CAPE 2012

Sketch the graphs for f(x) and g(x) on the same coordinate axes for the domain
-1 <x<2. [4 marks]

Using x, = 0.3 as an initial approximation to the root x of f (x) — g(x) = 0, execute

TWO iterations of the Newton-Raphson method to obtain a better approximation,
x,, of x correct to four decimal places. [6 marks]

Assuming that x, is the true root of f(x) — g(x) = 0, calculate the relative error of
X, [2 marks]

Total 20 marks

GO ON TO THE NEXT PAGE
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SECTION C (Module 3)

Answer this question.

(a) A computer programmer is trying to break into a company’s code. His program generates
a list of all permutations of any set of letters that it is given, without regard for duplicates. .
For example, given the letters TTA, it will generate a list of six 3-letter permutations
(words).

If the program generates a list of all 8-letter permutations of TELESTEL, without regard
for duplicates,

(i) how many times will any given word be repeated in the list? [5 marks]
(i)  in how many words will the first four letters be all different? [S marks]
(b) (i)  Find the inverse of the matrix
1 1 1
A=|1 2 3
1 3 6 [5 marks]

(i)  Find a 3 x 1 matrix, Y, such that

3
A |-1|=Y
2 [2 marks]
(iii)  Hence, find a 3 x 3 matrix B such that
6
BY = |2 |.
4 [3 marks]
Total 20 marks
END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.
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(b)

(c)

(d)

(a)

(b

(c)

Jol3 .

"D

SECTION A (Module 1)

Answer BOTH questions.

Calculate the gradient of the curve In (x*y) — sin y = 3x — 2y at the point (1, 0).

[5 marks]
Letf(x,y, 2) = 3 yz* — e* cos 4z -3y’ =4 = 0.
Given that oz [5 marks]
oy  of/oz
Use de Moivre’s theorem to prove that
cos 50 =16 cos® @ — 20 cos® @ + 5 cos 0. [6 marks]
(i)  Write the complex number z = (-1 + i)’ in the form re”, where r = | z | and
0=argz. [3 marks]
(i)  Hence, prove that (-1 + i)’ =-8(1 + ). [6 marks]
Total 25 marks
(i) Determine I sin x cos 2x dx. [5 marks]
Fd
(i))  Hence, calculate I 2 sin x cos 2x dx. [2 marks]
i :
2 x>0
Letfix)=x|x|= {x oy 0
Use the trapezium rule with four intervals to calculate the area between f{x) and the x-axis
for the domain —0.75 < x < 2.25. [5 marks]
(i)  Show that 20+4 2_ _ 4 ; [6 marks]
* +4y P+4 (P +4y
2 +4
(i)  Hence, find 2+ ) —=——dx. Use the substitution x = 2 tan 0. [7 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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(b)

(c)

3z

SECTION B (Module 2)

Answer BOTH questions.

5, |
The sequence{a } is definedbya =1, a =4+ 2 a .

Use mathematical induction to prove that 1 < a < 8 for all n in the set of positive
integers. [6 marks]

Let k> 0 and let f{k) = %

(i)  Show that

a) k) —fk+ ”-ﬂ?%‘ [3 marks]
b) an 1__1 _|=1- |~ [5 marks]
Z BT Gy o+ 1)

(iii)  Hence, or otherwise, prove that

y 2k+1 [3 marks]
k=

R (k+1)

(i)  Obtain the first four non-zero terms of the Taylor Series expansion of cos x in

ascending powers of (x — %). [5 marks]

T

(i)  Hence, calculate an approximation to cos ( TR ’

[3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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(i)
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Obtain the binomial expansion of

V0 +0 + V0-9

up to the term containing x*. [4 marks]

compute an approximation of Y17 + V15 to four
[4 marks]

Hence, by letting x = ]—,
. 16
decimal places.

Show that the coefficient of the x* term of the product (x +2)°* (x — 2)* is 96. [7 marks]

0]

(i)

Use the Intermediate Value Theorem to prove that x’ = 25 has at least one root in
the interval [2, 3]. [3 marks]

The table below shows the results of the first four iterations in the estimation of
the root of flx) = x’ — 25 = 0 using interval bisection.

The procedure used a =2 and b = 3 as the starting points and p_is the estimate of
the root for the »n™ iteration.

n a, b b, f(P,,)
1 2 3 2.0 -9.375
2 2.5 3 2.75 | —-4.2031

3 2715 3 2.875 | -1.2363

4| 2.875 3 2.9375 0.3474

......

......

Complete the table to obtain an approximation of the root of the equation x* = 25
correct to 2 decimal places. [7 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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SECTION C (Module 3)

Answer BOTH questions.

5; (a) Three letters from the word BRIDGE are selected one after the other without replacement.
When a letter is selected, it is classified as either a vowel (V) or a consonant (©).

Use a tree diagram to show the possible outcomes (vowel or consonant) of the THREE
selections. Show all probabilities on the diagram. [7 marks]

(b) (i) ~ The augmented matrix for a system of three linear equations with variables Xy
and z respectively is

By reducing the augmented matrix to echelon form, determine whether or not the
system of linear equations is consistent. [S marks]

(i)  The augmented matrix for another system is formed by replacing the THIRD row
of A'in (i) above with (1-5 5 | 3).

Determine whether the solution of the new system is unique. Give a reason for
your answer. [S marks]

(©) A country, X, has three airports (4, B, C). The percentage of travellers that use each of the
airports is 45%, 30% and 25% respectively. Given that a traveller has a weapon in his/
her possession, the probability of being caught is, 0.7, 0.9 and 0.85 for airports 4, B, and
C respectively. '

Let the event that:

. the traveller is caught be denoted by D, and
. the event that airport 4, B, or C is used be denoted by 4, B, and C respectively.

(i)~ What s the probability that a traveller using an airport in Country X is caught with
a weapon? [S marks]

(i)  On a particular day, a traveller was caught carrying a weapon at an airport in
Country X. What is the probability that the traveller used airport C? [3 marks]
W

Total 25 marks

GO ON TO THE NEXT PAGE



@ O

(i1)

-6 -
Obtain the general solution of the différential equation
dy . 2
cosxTx—+y sin x = 2x cos” x. [7 marks]

2
Hence, given that y = —15—3—\/2§n— , when x = %, determine the constant of the
integration. [5 marks]

(b) The general solution of the differential equation

Y'+2) +5y=4sin2t

is y = CF + PI, where CF is the complementary function and P/ is a particular integral.

M

(i)

(iii)

a)  Calculate the roots of
A2 + 2\ + 5 = 0, the auxiliary equation. [2 marks]
b)  Hence, obtain the complementary function (CF), the general solution of
y'+2y'+5y=0. [3 marks]
Given that the form of the particular integral (P/) is

up(t) = A cos 2t + B sin 2t,

Show that 4 = —.—13— and B= —147 [3 marks]

Given that y(0) = 0.04 and y'(0) = 0, obtain the general solution of the differential
equation. [5 marks]

Total 25 marks

END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.

NANAYANINICADE TN1



(@)

(b)

(c)

(d)

(a)

(b

(c)

Jol3 .

"D

SECTION A (Module 1)

Answer BOTH questions.

Calculate the gradient of the curve In (x*y) — sin y = 3x — 2y at the point (1, 0).

[5 marks]
Letf(x,y, 2) = 3 yz* — e* cos 4z -3y’ =4 = 0.
Given that oz [5 marks]
oy  of/oz
Use de Moivre’s theorem to prove that
cos 50 =16 cos® @ — 20 cos® @ + 5 cos 0. [6 marks]
(i)  Write the complex number z = (-1 + i)’ in the form re”, where r = | z | and
0=argz. [3 marks]
(i)  Hence, prove that (-1 + i)’ =-8(1 + ). [6 marks]
Total 25 marks
(i) Determine I sin x cos 2x dx. [5 marks]
Fd
(i))  Hence, calculate I 2 sin x cos 2x dx. [2 marks]
i :
2 x>0
Letfix)=x|x|= {x oy 0
Use the trapezium rule with four intervals to calculate the area between f{x) and the x-axis
for the domain —0.75 < x < 2.25. [5 marks]
(i)  Show that 20+4 2_ _ 4 ; [6 marks]
* +4y P+4 (P +4y
2 +4
(i)  Hence, find 2+ ) —=——dx. Use the substitution x = 2 tan 0. [7 marks]

Total 25 marks

GO ON TO THE NEXT PAGE



(a)

(b)

(c)

3z

SECTION B (Module 2)

Answer BOTH questions.

5, |
The sequence{a } is definedbya =1, a =4+ 2 a .

Use mathematical induction to prove that 1 < a < 8 for all n in the set of positive
integers. [6 marks]

Let k> 0 and let f{k) = %

(i)  Show that

a) k) —fk+ ”-ﬂ?%‘ [3 marks]
b) an 1__1 _|=1- |~ [5 marks]
Z BT Gy o+ 1)

(iii)  Hence, or otherwise, prove that

y 2k+1 [3 marks]
k=

R (k+1)

(i)  Obtain the first four non-zero terms of the Taylor Series expansion of cos x in

ascending powers of (x — %). [5 marks]

T

(i)  Hence, calculate an approximation to cos ( TR ’

[3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE




(a)

(®)

(©

()

(i)

-4-

Obtain the binomial expansion of

V0 +0 + V0-9

up to the term containing x*. [4 marks]

compute an approximation of Y17 + V15 to four
[4 marks]

Hence, by letting x = ]—,
. 16
decimal places.

Show that the coefficient of the x* term of the product (x +2)°* (x — 2)* is 96. [7 marks]

0]

(i)

Use the Intermediate Value Theorem to prove that x’ = 25 has at least one root in
the interval [2, 3]. [3 marks]

The table below shows the results of the first four iterations in the estimation of
the root of flx) = x’ — 25 = 0 using interval bisection.

The procedure used a =2 and b = 3 as the starting points and p_is the estimate of
the root for the »n™ iteration.

n a, b b, f(P,,)
1 2 3 2.0 -9.375
2 2.5 3 2.75 | —-4.2031

3 2715 3 2.875 | -1.2363

4| 2.875 3 2.9375 0.3474

......

......

Complete the table to obtain an approximation of the root of the equation x* = 25
correct to 2 decimal places. [7 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
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SECTION C (Module 3)

Answer BOTH questions.

5; (a) Three letters from the word BRIDGE are selected one after the other without replacement.
When a letter is selected, it is classified as either a vowel (V) or a consonant (©).

Use a tree diagram to show the possible outcomes (vowel or consonant) of the THREE
selections. Show all probabilities on the diagram. [7 marks]

(b) (i) ~ The augmented matrix for a system of three linear equations with variables Xy
and z respectively is

By reducing the augmented matrix to echelon form, determine whether or not the
system of linear equations is consistent. [S marks]

(i)  The augmented matrix for another system is formed by replacing the THIRD row
of A'in (i) above with (1-5 5 | 3).

Determine whether the solution of the new system is unique. Give a reason for
your answer. [S marks]

(©) A country, X, has three airports (4, B, C). The percentage of travellers that use each of the
airports is 45%, 30% and 25% respectively. Given that a traveller has a weapon in his/
her possession, the probability of being caught is, 0.7, 0.9 and 0.85 for airports 4, B, and
C respectively. '

Let the event that:

. the traveller is caught be denoted by D, and
. the event that airport 4, B, or C is used be denoted by 4, B, and C respectively.

(i)~ What s the probability that a traveller using an airport in Country X is caught with
a weapon? [S marks]

(i)  On a particular day, a traveller was caught carrying a weapon at an airport in
Country X. What is the probability that the traveller used airport C? [3 marks]
W

Total 25 marks
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Obtain the general solution of the différential equation
dy . 2
cosxTx—+y sin x = 2x cos” x. [7 marks]

2
Hence, given that y = —15—3—\/2§n— , when x = %, determine the constant of the
integration. [5 marks]

(b) The general solution of the differential equation

Y'+2) +5y=4sin2t

is y = CF + PI, where CF is the complementary function and P/ is a particular integral.

M

(i)

(iii)

a)  Calculate the roots of
A2 + 2\ + 5 = 0, the auxiliary equation. [2 marks]
b)  Hence, obtain the complementary function (CF), the general solution of
y'+2y'+5y=0. [3 marks]
Given that the form of the particular integral (P/) is

up(t) = A cos 2t + B sin 2t,

Show that 4 = —.—13— and B= —147 [3 marks]

Given that y(0) = 0.04 and y'(0) = 0, obtain the general solution of the differential
equation. [5 marks]

Total 25 marks

END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.
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Caribbean Examinations Council
Advanced Proficiency Examination
Pure Mathematics Unit 2
Specimen Paper 01
1 hour 30 minutes
Read The Following Instructions Carefully

1. Each item in this test has four suggested answers lettered (A), (B), (C), (D). Read
each item you are about to answer and decide which choice is best.

2. On your answer sheet, find the number which corresponds to your item and shade
the space having the same letter as the answer you have chosen. Look at the
sample item below.

Sample Item
If the function f (x) is defined by f (x) = cos \/’} then f'(x) is

1 .~ 1 .~ 1. ~ 1 .~
(A) %—Esmvx (B) = sin y/x ©) —> sinyx (D) —2_\/,} sin y/x

Sample Answer

®eEO®

. . 1 .~
The best answer to this item is “——2 ~ sin yx ”, so answer (D) has been blackened.
v

3. If you want to change your answer, be sure to erase your old answer completely
and fill in your new choice.

4. When you are told to begin, turn the page and work as quickly and as carefully as
you can. If you cannot answer an item, omit it and go on to the next one. You can
come back to the harder item later.

5. You may do any rough work in this booklet.

6. The use of non-programmable calculators is allowed.

7. This test consists of 45 items. Each correct answer carries one mark.



Module 1

Ifzand z* are two conjugate complex numbers, where z=x+1iy,x,y € R ,
thenzz =

(A) X+ B) x*—)*—2xi

© -y (D) X+~ 2xi

If|z+i|:|z+l

, Where z 1s a complex number, then the locus of z is

A  »=0 (B) y=x

X
©) y=1 D) vy Py
Given that z + 3z = 12 + 8i, then z =

(A -3-4 B) 3+4i

(C)  3-4i (D) -3+4i

One root of a quadratic equation is 2 — 31. The quadratic equation is
(A) X +4x+13=0 (B) ¥ —4x—13=0
(C) xX*+4x-13=0 (D) x*—4x+13=0
. 4 1
Ifz=cosB +isin O, then z" + — =

4
z

(A) cos40+1isin40 (B) 4cosH-i(4sin0)

(C) 2 cos 40 (D) 2isin 460



The gradient of the normal to the curve with equation x)° + y* + 1 =0 at the
point (2, -1) is

A - 2 B) 4
1
© 2 D)y -4
2
rd o3 g d—f
dx vy dx
5 25x° 5 25x
N ® T3
ooy vy
1 25 5 25
©) ——— (D) — -3
y o Xy xy

The curve C is given by the parametric equations x =t +¢e”, y =1 —¢”. The
gradient function for C at the point (x, y) is given as

1 1
A B
(A) o1 (B) o
-1 1
C D
© 1+e¢ ®) e +1
. . dy
Given y = a arcos (ax), where a is a constant, ™ =

a 1
(A) —— B @ ——
1 —a’x? 1 - a’x?
2
© (D) L
1—a“x l1-ax



10.

11.

12.

13.

. ow
Given that x?y + y?z — z?x then o

(A) x’y+ 2yz

©  xP+y?

3
X

dx may be expressed as
j‘x2—3x+2i Y P

Px+Q
A — = |dx
&) J.[x2—3x+2j
(©) H P, 0 ]dx

x—-1 x-2

1
f—,m)dx:

(A) ayla’ - x*)+ C

© arcsin(ﬁj +C
a

. V4 .
Given that y = Ee x, then | sin’x dx =

=) '—’N‘,\q

%
(A) fcosz ydy
0
%
© J(Sinx +cosx)dx
0

(B) x%+ 2yz

D) 22+ yi+ 2

Px+Q
(B) J‘(x+3+—x2_3x+2de

(D) I(x+3+ P + 0 de
x—-1 x-2

(B) arcsin(x2 ) +C

(D) a arcsin (ax) + C

%
(B) Jsinz ydy
0
%
(D) J(Siny + cosy ) dy
0



14.

15.

16.

17.

Given I, =J'tan” xdx, forn>2,1,=
(A) ﬁ tan" 1x+ I,_,
(B) ﬁ tan™ ! xsec? x — I,

(C) tan™lx— I,

(D) ﬁ tan" 1x — I,

The value of

T/,
| xcosdx
0
1S
T
(A 2
B) 1
T
© 71
T
(D) 2 +1
Module 2

Given that a sequence of positive integers {Uy} is defined by U; = 2
and Uy, = 3U, + 2,then U, =

A 3"—-1 B) 3"+1
) 3n-1 C) 3n+2
A _ 3n®-n+4
sequence an = — o~ ——
(A) converges (B) s periodic

©) is alternating (D) diverges



18.

19.

20.

21.

The nth term of a sequence is given by u, =9 — 4(

sequence is

71

GV (B)
37

© = (D)

m—1 m—1

23(% _

r=1 2

(A) 3—-3x2™m (B)

(C) 6-—3x20-m (D)

n
Given that >, un =5n + 2112, then u,, =
r=1
(A) 2n*+n-3 (B)
(C)  S5n+2 (D)

2
The sum to infinity, S (x), of the series 1 + (E

.. 1S

A 1 (B)

© = (D)

1

w
ul

o ANe)

6 —3x 2(m=1)

3—3x20-m

4’ +4n+7

4n +

(i

x+2

x+1

+

n-—1
Ej . The 5" term of the

3

2)2

2

x+1



22.

23.

24.

25.

26.

3 5 7 9
X X X

The Maclaurin’s series expansion forsinx= x - —+ ——-—+ ——... hasa

general term best defined as

(A) (_1)”(n+1)!
© BV

o 2+ Ly
© > >

If"C,=""'C,_,, then

(A) n=r

C) r-n=1

o579

n+1 X
® )
e x2n -1
(D) (_ 1) (2n _ 1)'

1
(B) 5

v'§ 1
(D) —+ =X
2 2

B) n-r=1

6
If (sz - z) =...+ k + ..., where £k is independent of x, then k =

X
(A)  -960
(C) 480

(B)  -480

(D) 960

An investment prospectus offers that for an initial deposit of $5 000 at January 1*
an interest rate of 3% will be applied at December 31* on the opening balance for
the year. Assuming that no withdrawals are made for any year, the value of the
investment n years after the initial deposit is given by

(A)  (5000y(1.03y"

(C) (5000)(1.03)"!

(B) (5000)(0.03y"*

(D) (5000y(0.03)"



27.

28.

29.

30.

31.

The coefficient of x* in the expansion of (1 +x+ x2)5 is
(A) 5 (B) 30

© 20 (D) 40

The equation sin x? + 0.5x — 1 = 0 has a real root in the interval
(A) (0.8,0.9) (B) (0.7,0.8)

(C)  (0.85,0.9) (D) (0.9, 0.10)

7
f(x)=x"— o + 2, x > 0. Given that f (x) has a real root « in the interval

(1.4, 1.5), using the interval bisection once « lies in the interval
(A) (145,15 (B) (1.4,1.45)

(C)  (1.425,1.45) (D) (1.4, 1.425)

f(x) =x3 — x% — 6. Given that f (x) = 0 has a real root « in the interval
[2.2, 2.3], applying linear interpolation once on this interval an approximation to
a , correct to 3 decimal places, is

(A) 2217 (B) 2216

(C) 2219 (D) 2218

Module 3

Taking 1.6 as a first approximation to ¢, where the equation 4 cos x + ¢ =0 has a
real root & in the interval (1.6, 1.7), using the Newton-Raphson method a second
approximation to « (correct to 3 decimal places) =

(A) 1620 (B) 1.622

(C) 1635 (D) 1.602



32.

33.

34.

35.

f(x) = 3x° — 2x — 6. Given that f (x) = 0 has a real root, «, between x = 1.4
and x = 1.45, starting with x,= 1.43 and using the iteration

Xp+1= (i + %J , the value of x; correct to 4 decimal places is
X

n

(A)  1.4370 (B) 14372

(C) 14371 (D)  1.4369

Ten cards, each of a different colour, and consisting of a red card and a blue card,
are to be arranged in a line. The number of different arrangements in which the
red card is not next to the blue card is

(A)  10!1-21x2! (B) 10!—9! x 2!

(C)  81-2!x2! (D)  9!—2x2!

The number of ways in which all 10 letters of the word STANISLAUS can be
arranged if the Ss must all be together is

8! x 3!
(A) > (B) 8!x 3!
g! g!
©) 3 (D) o

A committee of 4 is to be chosen from 4 teachers and 4 students. The number of
different committees that can be chosen if there must be at least 2 teachers is

(A) 53 (B) 192

© 36 (D) 45



10

A and B are two events such that P (4) =p and P (B) = % . The probability that

neither occurs is % If 4 and B are mutually exclusive events then p =

>

(A)

2
(B) 3

©) (D)

1 1
5 6
On a randomly chosen day the probability that Bill travels to school by car, by

bicycle or on foot is %, é and % respectively. The probability of being late

when using these methods of travel is %, % and % respectively. The

probability that on a randomly chosen day Bill travels by foot and is late is

A 3 B 13
(A) v (B) 20
0 — D) —
©) 20 (D) o
6 0 1
Given |7 7 0(=0,
0 —-12 «x
the value of x 1s
A 2 B) 2

<€ 12 D) 7



11

2 -7 8
Items 39 — 40 are based on the matrix 4={3 -6 -5
4 0 -1

39. The transpose of matrix 4 results in |A| being
(A)  negative (B)  squared

< 0 (D)  unchanged

40. The matrix resulting from adding Row 1 to —Row 2 is

-1 -1 13 2 -7 8
(A) 3 -6 -5 B) |-1 -1 -13
4 0 -1 4 0 -1
-5 7 8 -5 5 -8
(©) ~3 -6 -5 (D) 3 -3
4 0 -1 4 -0 1

1 2 3 -4 0 2
41. Given A=|2 3 4 B=| 0 6 —4 |, by considering AB, then 4™ =
3 46 2 -4 2
(A) 2B (B) B
1
) =B (D — AB



42.

43.

44,

12
The general solution of the differential equation

sin xay —y cos x = sin 2x sin x is found by evaluating

(A) J-%y sinxdx:J.2 cos x dx

(B) i_y dx=chosxdx
dx sinx
d vy .

©) — dxzjstxdx
dx sinx
d vy

(D) — dxzjcosxdx
dx sinx

d? d
The general solution of the differential equation 2 —3% + 2y =3¢" is of the

dx?
form
(A) y=Ae*+ Be™ + ke* (B) y=Ae*+ Be™ — 3e*
(C) y=Ae™ + Be 2 + kxe* (D) y=Ae¥+ Be* + kxe*

A particular integral of the differential equation

d2y

2

+ 25y =3 cos 5x

is of the form y = Ax sin 5x. The general solution of the differential equation is
(A)  y=4A4cos 5x — B sin 5x — Ax sin 5x
(B) y=A cos 5x + B sin 5x + Ax sin 5x
©) y=A cos 5x + B sin 5x — Ax sin 5x

(D) y=A4cos5x— Bsin 5x + Ax sin 5x



45.

13

The general solution of the differential equation

d’y  dy
- 4=+ — 2 4 —
02 4dx 4y = 2x x—1

is

(A) y=e*(A+Bx)+ ax’+ bx+c
(B) y=e**(A+Bx)+ ax*+ bx+c
(C) y=e*(A+Bx)+ 2x*+ x—1

(D) y=e*(A—Bx)+ ax’*+ bx+c

End of Test
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Key
Unit 2 Paper 01
Module | Item | Key | S. O. | Module | Item | Key S. O.
1 1 A | A2 3 31 A D5
2 B | All 32 | C D6
3 C | AS 33 B A2
4 D | A3 34 | D A3
5 C | Al2 35 | A A4
6 D | B4 36 | D Al4
7 B | B9 37 | C Al6
8 A | B3 38 | B B2
9 C | B8 39 | D Bl
10 | B | B6 40 | A B3
11 D | C3 41 C B7
12 | C | C9 42 | B Cl
13 | A | C7 43 | D | C3(i) (1)
14 | D | Cl0 44 | B | C3 (iii) (iii)
15 | C | C8 45 | A | C3() (i)
2 16 | A | Al
17 | A | A3
18 | B | A2
19 | C | B4
20 | D | B3
21 C | B6
22 | D | B8
23 | A | B9
24 | A | CI
25 | D | C3
26 | C | C4
27 | B | C3
28 | A | DI
29 | B | D2
30 | D | D3
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2

SECTION A
(MODULE 1)
Question 1
: 4-2i  (4-2i)(1+3i
@ () _ (4-2i)(1+30)

1-31  1-3i)(1+30)

4 +12i-2i-6i°
1+9

10

10+101
10

1+1

(i) argis tan~1(1))= %

(b) (1) Let u =x +1y, where x, y are real nos.
u?=-5+12i (x+iy)? =-5+12i
x% —y? + 2ixy = =5+ 12i

x*—y?=-52xy=12

(x?)?+5x2—-36=0
(x2+9)(x? —4) =0

x? = —9(inadmissable), x? =
x=x2,y= 3

=2-3ior—2+3i

(1 mark)

(1 mark)

(1 mark)

(1 mark)
[4 marks]

(1 mark)
[1 mark]

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)
(1 mark)
(1 mark)

(1 mark)
[8 marks]



b) () z2+iz+ (1-3)=0 z= B0 (1 mark)
2 —it\/—12—4+12i (1 mark)
Z_li— “_25"'121 (1 mark)
=) (1 mark)
2
2—-4i o 2+2i (1 mark)
2 2

z=1-2ior—1+i (1 mark)
[6 marks]

(c) 1+ 3)z+ @ —-2)z=10+4i,andz=a+ib
(1 +3Bi)(a+ib)+ (@4 —2i)(a—ib) =10+ 4i (1 mark)
(a—3b)+i(Ba+b)+ (4a—2b) +i(—4b —2a) = 10 + 4i (1 mark)
a—3b+4a—2b=10and3a+b—4b—2a=4 (1 mark)
5a—5b=10anda—3b =4 (1 mark)
a=1b=-1 (1 mark)
z=1—Ii (1 mark)
[6 marks]

Total 25 marks

Specific Objectives (A) 1,4, 5, 6,7, 8.



Question 2
(a) Let I = fe3*sin 2x dx
= §e3x sin2x — _['e; (2cos2x) dx (2 marks)

= 2e%% sin2x — —_re3x (2cos2x) dx

w

3
=-e3*sin2x — %E e3* cos2x +j§ (2sin2x) dx| (2 marks)
= 2e3% sin2x — = e3xc032x — 2 e sin2xdx
3 9
_ 1 3x 2 .3x 4
=3¢ sin2x — 5 e CoS2x — ;I (1 mark)
I+ %I = % (8sin 2x — 2cos2x) (1 mark)
1= 1—13 (3sin2x — 2cos2x) + constant (1 mark)
[7 marks]
Alternatively
Je3¥elixdy = [eG+2x gy (2 marks)
e(3+21)Jc
Im | | + constant (2 marks)
Je3*sin2xdx = Im (3 21) e3¥(cos2x + isin2x) (2 marks)
3x
2 (3sin 2x — 2c0s2x) + const. 1 mark
13
[7 marks]
® 3G a) y=tan"1(3x) tany=3x (1 mark)
sec?y Y3
d y dx
dy 3
A secty (1 mark)
dy _ 3
dx  1+tanZy (1 mark)
dy __ 3
dx 1+ 9x2 (1 mark)
[4 marks]
b)  fodr=f——dx+2f—— dx (1 mark)
1+ 9x2 1+ 9x2
= %m (1+9x?)+ % tan~1(3x) + constant (3 marks)

[4 marks]
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(b) (ii) y= lngx), Using the product rule: y = xiz In(5x)
d_y= —_2_|n(5x) + L X 1
dx x3 X5 x
__ 1-2In(5x)
—_ x—3
1-In(25x2)
==

c) f(x,y) = x? +y?—2xy

. of of
(1) a=2x—2ya—y=2y—2x

() xg+yg=x(2x—2y)+y(2y - 2x)
=2x% + 2y? —4xy
=2(x? + y? — 2xy)
=2(f(x.y)

Specific Objectives: (A) 13,(B) 1,2,5,6,8,(C) 4,5, 6, 8

(1 mark)

(2 marks)

(1 mark)

(1 mark)

[5 marks]

[2 marks]

(1 mark)
(1 mark)
(1 mark)
[3 marks]

Total 25 marks
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SECTION B
(MODULE 2)
Question 3
. 1 A B
(@ (@ = +
2r-1)@2r+1)  2r-1  2r+l
= 1 = AQ2r+1) + B2r-1) (1 mark)
= 0=24+2B and 4-B=1 (2 marks)
= A= 1 and B = 1 (2 marks)
2 2
[5 marks]
(i1) S = L = it 1 (1 mark)
“@r-1)2r+1) 2 2r-1 2r+l
1(1 1 1(1 1 (1 1 1 1 1
=—|-—=|+=|-—=|+=|=—=|+...+= -
2\1 3) 23 5 2\5 7 2(2n-1  2n+1
(3 marks)
-1 1- ! (1 mark)
2 2n+1
[5 marks]
(i11) Asn — oo, ! -0 (2 marks)
n+1
Hence S, =% (1 mark)
[3 marks]
(b) (1) S =112) +2(5)+3(8) +...
In each term, 1* factor is in the natural sequence and the second factor
differs by 3 (1 mark)
= the M termis (37 - 1) (1 mark)
[2 marks]
(ii) S, =Y r(3-1)
r=1
1
for n=1 S, = r(3r-1)=1x2=2
r=1
Pl+1)=1x2=2
and ( - ) 8 (1 mark)
hence, S, =n” (n+1) istrue forn = 1 (1 mark)
Assume S =n®(n+l) forn=keN (1 mark)

that is, S, =k*(k+1) (1 mark)



=

+1

Then, S,,, = » r@r—1)= S, + (k+1)3k+2) (1 mark)
r=1
= k2 (k+1)+(k+1)(3k+2) (1 mark)
= (k+1)[k* +3k+2] (1 mark)
= S, = k+)[k+1)(k+2)
= (k+1) [(k+1)+1] (1 mark)
= true for n = k + 1 whenever it is assumed true for n = £, (1 mark)
= true forallneN
= S,=n*(n+l)n N (1 mark)
[10 marks]

Total 25 marks

Specific Objectives: (B) 1, 3,5, 6, 10



Question 4

1 1 1 1
(a) (1) Let S EE+_4 2—7+27
1 1
24 _ 27
11
2 24
1
s

(1 mark)

(1 mark)

(1 mark)
[3 marks]

(1 mark)

(1 mark)

(1 mark)

(1 mark)

[4 marks]
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® ) f(x)=cos2x = f'(x)=—2sin 2x (1 mark)
=  f'"(x)=—4cos2x (1 mark)
= f'"(x)=8sin2x (1 mark)
= f¥(x)=16 cos2x (1 mark)
so, f(0)=1, £'(0)=0, f'(x)=—4, £'"'(0)=0, f"(0)=16 (1 mark)
Hence, by Maclaurin’s Theorem,
2 4
cos2x =1 A + 16" (1 mark)
2! 4!
2y 2y
=1-2x +§x (1 mark)
[7 marks]
. 1+x
© ® [—j
1-x
=(1+x)" 1-x)" (1 mark)
= l+lx—lx2+Lx3... 1+lx+§x2+ix3... (3 marks)
2 8 16 2 8 16
= l+x+ —x"+=x’ (2 marks)
for-1<x <1 (1 mark)
[7 marks]
[1.02 102 1
ii g N T 1 mark
) 0.98 98 7 ( )
BT = 75 here x = 0.02 (1 mark)
- X
1 2, 1 3
= 451 =741+0.02 +E(O.O2) +E(O.O2) (1 mark)
=7.14141 (5 d.p.) (1 mark)
[4 marks]

Specific Objectives: (B) 5, 9, 11; (C)3, 4
Total 25 marks
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SECTION C
(MODULE 3)
Question 5
5
(a) (1) P (First card drawn has even number) 0 é (1 mark)
P (Second card drawn has even number) = g (2 marks)
1)\(4
.. P (Both cards have even numbers) = (Ej (5)
2
= — 1 mark
5 ( )
[4 marks]
(i) P (Both cards have odd numbers) = % (1 mark)
P |One card has odd and the other has even = 1-2 [gj (2 marks)
i.e. both cards do not have odd
or do not have even numbers = g (1 mark)
[3 marks]
(b) (@) a) 8 = 0.547 [2 marks]
150 '
i) 39 + e = 0.76 [4 marks]
150 150
iii) 82 .3 27 = 0.267 [3 marks]

150 150 150
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(©) Let T, S and F represent respectively the customers purchasing tools, seeds and

fertilizer.

6] One mark for any two correct numbers (4 marks)

(i1) a) 5 (1 mark)
b) 10 (1 mark)
C) 5 (1 mark)
d) 15 (1 mark)

®

—
eS|

15

A
A

Venn diagram

Total 25 marks

Specific Objectives: (A) S, 6,7,9, 10, 11, 12, 13
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Question 6
5 x 3
(a) x+2 2 1 =0
-3 2 X
5(2x - 2)—x (x*+2x+3)+3 2x + 4 +6) = 0 (3 marks)

x' +2x* =13x =20 = 0 (1 mark)

Subs x=-4, (-4) +2(-4) -13(-4)-20 =0

(x+4) (x2 - 2x —5) =0 (2 marks)
x=-4
E: V24
2
x =1+6 (2 marks)
[8 marks]
Alternatively
5 x 3 4+x x+4 x+4
x+2 2 1=0  |x+2 2 1 |=0 (Addrows 2 and 3 torow 1)
-3 2 % -3 2 X
1 11 0 1 0
G+dHlx+2 2 1l=0 @G+d| x 2 -1|=0
-3 2 x -5 2 x—-2
(subtract columns 2 from Columns 1 and 3).
(x+4)x—(x*—2x—5)=0 x=-4orl=+6 [8 marks]
(b) ytanx j—z = (4 + y?)sec’x (1 mark)
y dy _ sec®x
4+y2 dx  tanx

ydy sec’xdx
4+ y2 tan x

ydy _ sec’xdx
-‘r4+ y2 - -r tanx (1 mark)
%In(4 +y2) =Injtanx| + ¢ (2 marks)

[4 marks]
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(c) (1) y =ucos3x + vsin3x

& = —3usin3x +3vcos3x (2 marks)

% = —9u cos3x — 9usin3x (2 marks)
50,92+ 42+ 3y = —30sin3x

—(6v — 12u)sin3x + (—6u + 12v)cos3x = —30sin3x (1 mark)

2u+v=5andu =2v (1 mark)

u=2andv=1 (2 marks)

[8 marks]

(i)  the auxiliary equation of the different equation is
K+4k+3=0 (1 mark)
(k+3)(k+1)=0
k = —-3or —1 (2 marks)

the complementary function is

y = Ae™™ + Be™3*; where A, B are constants (1 mark)
General solution is y = Ae™ + Be™3* + sin 3x + 2 cos3x (1 mark)
[5 marks]

Total 25 marks
Specific Objectives: (B) 1, 5, 6; (C) 1, 3

End of Test
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SECTION A (MODULE 1)
Answer this question.
1. (a) z=8+(8V3)i.

(1) Find the modulus and argument of z. [3 marks]

(i)  Using de Moivre’s theorem show that z° is real, stating the value of 2.
[2 marks]

(b) A complex number is represented by the point P in the Argand diagram.
(1) Given that |z — 6] = |z| show that the locus of Pis x =3. [2 marks]
(i1) Find the complex numbers z which satisfy both

|z—6| = |z| and |z — 3 — 4i| =5. [S marks]
8
(c) Given [, :J.x” (8—x)% dx,n >0, show that
0

24n

n :—]
3n+4

L=l [8 marks]

Total 20 marks

GO ON TO NEXT PAGE
02134032/CAPE/SPEC



(b)

(©)

3
SECTION B (MODULE 2)
Answer this question

(i)  Showthat (r+ 1) = (r— 1)’ =62 +2. [2 marks]

(i1) Hence show that Z P = % (n+1)(2n+1). [S marks]

r=1

2n
(iii))  Show that Z P = % (n+1)(an+b), where a and b are constants to be
found.
[4 marks]

The displacement x metres of a particle at time ¢ seconds is given by the
differential equation

d?x ey 0
— + x+cosx =0.
de?

dx
— =0.5.

Whent=0,x=0and — =
dt

Find a Taylor series solution for x in ascending powers of z, up to and
including the term in £,

[S marks]
Given that a is the only real root of the equation
x3—x2—-6=0,
(1) Show that 2.2 <a <2.3. [2 marks]

(i1))  Use linear interpolation once on the interval [2.2, 2.3] to find another
approximation to a, giving your answer to 3 decimal places.
[2 marks]

Total 20 marks

GO ON TO NEXT PAGE

02134032/CAPE/SPEC
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SECTION C (MODULE 3)
Answer this question

3. (a)  Three identical cans of cola, two identical cans of green tea and two identical
cans of orange juice are arranged in a row.

Calculate the number of arrangements if the first and last cans in the row are of
the same type of drink.
[3 marks]

(b) Kiris takes her dog for a walk every dy. The probability that they go to the park
on any day is 0.6. If they go to the park there is a probability of 0.35 that the
dog will bark. If they do not go to the park there is probability of 0.75 that the

dog will bark.
Find the probability that the dog barks on any particular day. [2 marks]
(©) A committee of six people, which must consist of at least 4 men and at least

one woman, is to be chosen from 10 men and 9 women.

Find the number of possible committees that include either Albert or Tracey

but not both.
[3 marks]
1 -1 3 -3 4 -7
(d A4=|2 1 4| B=|-2 1 2]
0O 1 1 2 -1 3
(1) Find 4B. [2 marks]
(i)  Deduce A7L. [2 marks]
;01 -13
(iii)  Giventhat B~1 = - [2 1 4|, provethat (AB)™! = B71A™1,
0O 1 1
[2 marks]
(e) Find the general solution of the differential equation
dy + ycotx =sin
I T yootx = inx.
[6 marks]
Total 20 marks
END OF TEST

GO ON TO NEXT PAGE
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SECTION A
Module 1

Answer BOTH questions.

1. (a) (1)  Differentiate, with respect to x,

y=In (3 +4)—xtan ( % ). [5 marks]

(i) A curve is defined parametrically as
x=acos’t,y=asin’ t.
Show that the tangent at the point P (x, ) is the line
ycost+xsint=asinfcos ¢t [7 marks]
(b) Let the roots of the quadratic equation x*+ 3x + 9 = 0 be o and .
(i)  Determine the nature of the roots of the equation. [2 marks]

(i)  Express o and B in the form e, where 7 is the modulus and 6 is the argument,
where -t <6 <m. [4 marks]

iil Using de Moivre’s theorem, or otherwise, compute o + 8°. [4 marks
g p

(iv)  Hence, or otherwise, obtain the quadratic equation whose roots are o’ and j3°.
[3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2014



2. @ LetF (9= J' (In x)" dx.

P (1) ShowthatF (x)=x(nx)’—nF _(x). [3 marks]
(ii)  Hence, or otherwise, show that

| F (- F 15=2(n2)" -6 a2y +12n2—6. [7 marks]

y2+2y+1

P into partial fractions, show that

(b) (i) By decomposing

Y2+l 1 2y
= = SE
y4+2y3+1 y2_|_1 (y2_+_ 1)2 . . [7 markS]

1
2
.. y+2y+1
(i)  Hence, ﬁndz!. —y4 T2 1 dy. [8 marks]

Total 25 marks

. GO ON TO THE NEXT PAGE
02234020/CAPE 2014




3 (a)
(b)
4 (a)
(b)
(©

_4-

SECTION B
Module 2

Answer BOTH questions.

(1) Prove, by mathematical induction, that for » € N
Sn=l+%+%+2l3+ ...... Jrznl_I =2—2nl_1 |8 marks]
(i1)  Hence, or otherwise, find tim S. [3 marks]
i ™
Find the Maclaurin expansion for
f(x) = (1 +x)*sinx
up to and including the term in x°. [14 marks]

Total 25 marks

(i)  For the binomial expansion of (2x + 3)*, show that the ratio of the term in x° to

the term in x’ is 4—3x ) [5 marks]

(il) a) Determine the FIRST THREE terms of the binomial expansion of (1 + 2x)'’.

b)  Hence, obtain an estimate for (1.01)°. [7 marks]
n! n! _ (n+1)!
Show that T + G DIG=-DT _ G-rFD " |6 marks]

(i)  Show that the function f(x) = —x°+ 3x + 4 has a root in the interval [1, 3].
[3 marks]

(i)  Bytakingx =2.1 as a first approximation of the root in the interval [1, 3], use the
Newton—Raphson method to obtain a second approximation, x, in the interval

[l 51 [4 marks]

Total 25 marks

GO ON TO THE NEXT PAGE

02234020/CAPE 2014
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SECTION C
Module 3
Answer BOTH questions.
5. (a) (i)  Five teams are to meet at a round table. Each team consists of two members AND
one leader. How many seating arrangements are possible if each team sits together
with the leader of the team in the middle? |7 marks]

(ii)  Inan experiment, individuals were asked to colour a shape by selecting from two
available colours, red and blue. The individuals chose one colour, two colours or
no colour.

In total, 80% of the individuals used colours and 600 individuals used no colour.

a)  Given that 40% of the individuals used red and 50% used blue, calculate the
probability that an individual used BOTH colours.

[4 marks]

b) Determine the TOTAL number of individuals that participated in the
experiment. |2 marks]

(b) A and B are the two matrices given below.

I x -1 1 2 §

A= 0 2 B= 2 4

2 1 @ 1 I 2
(i)  Determine the range of values of x for which A" exists. [4 marks]
(i)  Given that det (AB) =-21, show that x = 3. [4 marks]
(iii)  Hence, obtain A™". [4 marks]
Total 25 marks
GO ON TO THE NEXT PAGE

02234020/CAPE 2014
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(a) 1) Show that the general solution of the differential equation
y' +ytanx =secx

is y=sinx+ C cosx. [10 marks]

(i1)  Hence, obtain the particular solution where y = \/27 and x = % [4 marks]

(b) A differential equation is given as y" — 5)' = xe™. Given that a particular solution is
yx)= Ax* & + Bxe™, solve the differential equation. [11 marks]

Total 25 marks

END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.

02234020/CAPE 2014
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SECTION A
Module 1

Answer BOTH questions.

1. (a) Three complex numbers are given as

z,=1+(7-4V3), z=V3+3i and z,=-2+2i.

z,
(1)  Express the quotient -~ in the form x + iy where x, y € R.
2

(i) Giventhatargw=argz, —[argz, targz],|z |=1andargz =

Zz .
w=?—32—intheformre’awherer=|w|and9=argw.
12

(b) A complex number v = x + iy is such that v* = 2 + i. Show that

(c) The function f'is defined by the parametric equations

~t

x=Te7 and y=sin"]t for—1 <¢r<0.5.
Ji=

: dy _ ' {l.— )

(1)  Show that = g

(ii)  Hence, show that fhas no stationary value.

[3 marks]

T .
— rewrite
12

[6 marks]

|7 marks]

[6 marks]

[3 marks]

Total 25 marks

GO ON TO THE NEXT PAGE

02234020/CAPE 2015



2, (a) Let 4x* + 3x)” + Tx + 3y = 0.

(i)  Use implicit differentiation to show that

dy _ 8x+3y +7

. 5
T 30+ 2o) [5 marks]
(i)  Show that for f{x, y) = 4x* + 3x3” + 7x + 3y
¢ Xy o [T y)'} { I & y)} L Py
oy e dy Ox ox* [5 marks]
(b) The rational function
18x*+ 13
fix) 0x* + 4
is defined on the domain -2 <x < 2.
(i)  Express f{x) in the form a + o2+ 4 where a, b € R. [2 marks]
e
(i) Given that fix) is symmetric about the y-axis, evaluate J fx) dx. [6 marks]
2
(c) Let / be a function of x.
(i)  Show that
hfﬁ‘l )
2 I I, B (g VR +C
J'h In = E o [+ DI A+
where -1 #n € Zand C € R. [5 marks]
(i)  Hence, find
I sin” x cos x In (sin x) dx. [2 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2015



3. (a)

(b)

©

-4 -

SECTION B
Module 2

Answer BOTH questions.

The nth term of a sequence is given by

T = 2n+1 _
"N+l
(i) Determine . Too L. [5 marks]
-
(i)  Show that T, = % [1 +116J : [3 marks]

(iii)  Hence, use the binomial expansion with x = 1 to approximate the value of 7, for

16
terms up to and including x*. Give your answer correct to two decimal places.
[4 marks]
A series is given as
3 5
pl R R T
4 16
(i)  Express the #™ partial sum S of the series in sigma notation. [2 marks]

et 2
(ii)  Hence, given that 2, Lz converges to %, show that S diverges as n —-c0.

n=17 [4 marks]

Use the method of induction to prove that

>rir—1)= _”(”_23:2 [7 marks]
=1

r

Total 25 marks

GO ON TO THE NEXT PAGE

02234020/CAPE 2015
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4. (a) A function is defined as g(x) = &™"".

(i) Obtain the Maclaurin series expansion for g(x) up to and including the term in x*.
[6 marks]

(i)  Hence, estimate g(0.2) correct to three decimal places. [3 marks]
(b) (i) Letfix)=x-3sinx—1.

Use the intermediate value theorem to show that f has at least one root in the
interval [-2, 0]. [3 marks]

(ii)  Use at least three iterations of the method of interval bisection to show that

f(=0.538) = 0 in the interval [-0.7, —0.3].

(= 0 means approximately equal to 0) [8 marks]
() Use the Newton—Raphson method with initial estimate x, = 5.5 to approximate the root
of g(x) = sin 3x in the interval [5, 6], correct to two decimal places. [5 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2015



5. (a)

(b)

(c)

o

SECTION C
Module 3
Answer BOTH questions.

Ten students from across CARICOM applied for mathematics scholarships. Three of the
applicants are females and the remaining seven are males. The scholarships are awarded
to four successful students. Determine the number of possible ways in which a group of
FOUR applicants may be selected if

(i)  no restrictions are applied - [1 mark]

(ii)  at least one of the successful applicants must be female. [3 marks]
Numbers are formed using the digits 1, 2, 3, 4 and 5 without repeating any digit. Determine

(i)  the greatest possible amount of numbers that may be formed [4 marks]

(ii)  the probability that a number formed is greater than 100. [3 marks]

A system of equations is given as

2x+3y—z=-3.5

x—y+2z =7
1.5x+3z =9
(i)  Rewrite the system of equations as an augmented matrix. [2 marks]

(ii)  Use elementary row operations to reduce the system to echelon form.
[5 marks]

(iii)  Hence, solve the system of equations. [3 marks]
(iv)  Show that the system has no solution if the third equation is changed to
1.5x - 1.5y +3z=09. [4 marks]

Total 25 marks

GO ON TO THE NEXT PAGE

02234020/CAPE 2015
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(a) Alicia’s chance of getting to school depends on the weather. The weather can be either rainy
or sunny. Ifit is a rainy day, the probability that she gets to school is 0.7. In addition, she
goes to school on 99% of the sunny school days. It is also known that 32% of all school
days are rainy.

(1)

(ii)

(ii)

(b) O]

(ii)

Construct a tree diagram to show the probabilities that Alicia arrives at school.
[3 marks]

What is the probability that Alicia is at school on any given school day?
[3 marks]

Given that Alicia is at school today, determine the probability that it is a rainy day.
[4 marks]

Show that the equation y + xy + x* = 0 is a solution of the differential equation

dy _ y-x

9 FED) [S marks]
A differential equation is given as ' — 2y = 0.
a)  Find the general solution of the differential equation. [3 marks]

b)  Hence, show that the solution which satisfies the boundary conditions

_
y(0)=1andy’[%}=0is

y=— 1 [eﬁx o ez—\'fz'x]. [7 marks]

Total 25 marks

END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.

02234020/CAPE 2015
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SECTION A
Module 1

Answer BOTH questions.

1. (a) A quadratic equation is given by ax* + bx + ¢ = 0, where a, b, ¢ € R. The complex roots
of the equation are oo = 1 — 3i and B.

(i) Calculate (oo + B) and (af).

[3 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016

| OO0 0 |

0223402004
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(ii))  Hence, show that an equation with roots ” 1 5 and B i 3 is given by
10 +2x+1=0.
[6 marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2016
L_ A 0 0 R AR 0 G __I
0223402005
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(b) Two complex numbers are givenas u =4 +2iandv=1+2 V2i.

(i)  Complete the Argand diagram below to illustrate .

2 -1 1 2 3 4 5 6 7 8

[1 mark]
(ii)  On the same Argand plane, sketch the circle with equation |z — u| = 3.
|2 marks]
GO ON TO THE NEXT PAGE
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(iii)  Calculate the modulus and principal argument of z = [-%] .

[6 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016

| A T 0 00 O ]

0223402007
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(c) A function f is defined by the parametric equations
x=4costandy=3sin2¢tfor 0 <t <.

Determine the x-coordinates of the two stationary values of f.

[7 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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2. (a) A function w is defined as w (x, y) = In )zcx_ig .
Determine ow
X
[4 marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2016
| A 00 00O 0 __|
0223402009
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(b) Determine I e* sin e* dx.

[6 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016

| 0 A |

0223402010
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X+2x+3
= _XTaxTo 3.
(c) Let f(x) o 1)(2 0 for 2<x<

(i)  Use the trapezium rule with three equal intervals to estimate the area bounded by
fand the lines y=0,x=2 and x = 5.

[5 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016

| A O 0 ]

0223402011
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(ii))  Using partial fractions, show that f(x) = 3 .
x—1 X+1

[6 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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5
(iii)  Hence, determine the value of I f(x) dx.
2

[4 marks]

Total 25 marks
GO ON TO THE NEXT PAGE

02234020/CAPE 2016
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SECTION B

Module 2

Answer BOTH questions.

3. (a) A sequence is defined by the recurrence relation u_
and (u )" is the derivative of u .

E=3 + 4 = =
aou x(un),whereul l,u2 x

Forexample, u, =u, =u +x(u,) =1+x.

1

Given that #, = 13x + 1 and that »| = 34x + 1, find (u)".

[4 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016

| O 0O ]

0223402014
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n
(b) The »™ partial sum of a series, S, is givenby S =2 r(r—1).
r=1

2
() Show that s, =-=1)..

[7 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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20
(i)  Hence, or otherwise, evaluate > r(r — 1).
10

[5 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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}’l' 2r n ) ) . )
(©) (1)  Given that"P = m show that ( 2rr)! - is equal to the binomial coefficient
"C .
[4 marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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0223402017
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(i)  Determine the coefficient of the term in x* in the binomial expansion of
Bx +2).
[5 marks]
Total 25 marks
GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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4. (a) The function f'is defined as f(x) = Vad +4x+1 for-1<x<1.

(i)  Show that f(x) = (1 + 2x)

[3 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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The series expansion of (1 + x)* is given as

Lttt k=2 o k=D hk=-2x 4 k(=D (k=D (k=3)x" |
2! 3! 41

where k € Rand -1 <x <I.

(ii)  Determine the series expansion of f up to and including the term in x*.

[5 marks]
(iii)  Hence, approximate f(0.4) correct to 2 decimal places.
|3 marks]
GO ON TO THE NEXT PAGE

02234020/CAPE 2016
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(b) The function h(x) = x> + x — 1 is defined on the interval [0, 1].

(i)  Show that h(x) = 0 has a root on the interval [0, 1].

[3 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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(i)  Usetheiterationx = 1 with initial estimate x, = 0.7 to estimate the root

of h correct to 2 decimal places.

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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0223402022




I_' 223-

[6 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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(©) Use two iterations of the Newton—Raphson method with initial estimate x =1to
approximate the root of the equation g(x) = €*~° -4 in the interval [1, 2]. Give your
answer correct to 3 decimal places.

[5 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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0223402024
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SECTIONC
Module 3

Answer BOTH questions.

5. (a) A bus has 13 seats for passengers. Eight passengers boarded the bus before it left the
terminal.
(i) Determine the number of possible seating arrangements of the passengers who
boarded the bus at the terminal.
[2 marks]
(ii)  Atthe first stop, no passengers will get off the bus but there are eight other persons
waiting to board the same bus. Among those waiting are three friends who must
sit together.
Determine the number of possible groups of five of the waiting passengers that
can join the bus.
[4 marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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(b) Gavin and his best friend Alexander are two of the five specialist batsmen on his school’s
cricket team.

Given that the specialist batsmen must bat before the non-specialist batsmen and that
all five specialist batsmen may bat in any order, what is the probability that Gavin and
Alexander are the opening pair for a given match?

[5 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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(©) A matrix A is given as
2 | R |
0 4 3
-1 6 0

(i)  Find the |A|, determinant of A.

[4 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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(ii)  Hence, or otherwise, find A, the inverse of A.

[10 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2016

| 0 A ]
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6. (a) Two fair coins and one fair die are tossed at the same time.

(1)  Calculate the number of outcomes in the sample space.

[3 marks]
(i)  Find the probability of obtaining exactly one head.
[2 marks]
GO ON TO THE NEXT PAGE

02234020/CAPE 2016
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(iii)  Calculate the probability of obtaining at least one head on the coins and an even
number on the die on a particular attempt.

|4 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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(b) Determine whether y = C x + szz is a solution to the differential equation

2
% Y'=xy' +y =0, where C and C, are constants.

[6 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016
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(©) (i)  Show that the general solution to the differential equation
dy _ .
32 +x) =2y (1+20) is

y=Ci/(x2+x)2, where C € R

[7 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2016

| A0 0 RO ]

0223402032




N 7

(i)  Hence, given that y (1) = 1, solve 3 (x* + x) ng =2y (1 + 2x).

[3 marks]

Total 25 marks
END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.
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SECTION A
Module 1

Answer BOTH questions.

Find the first derivative of the function f (x) = cos™ (sin”

02234020/CAPE 2017

L

0223402004

' x).

[3 marks]
GO ON TO THE NEXT PAGE
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(b) A function, w, is defined as w(x, y) = In . ly ' .
. . ow 1 .
(i)  Given that = ~—~7ga the point (4, y,) , calculate the value of y .

[S marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017

| 1 ]

0223402005
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(i)  Show that _ayz__ -2 — =0.

[5 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017

| 0 A ]

0223402006
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() (i) Find the complex numbers u = x + iy such that x and y are real and > = —15 + 8i.
[7 marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(i)  Hence, or otherwise, solve the equation 22—~ (3 +2/) z+ (5 +i)= 0, forz.

[S marks}

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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2. (a) (i)  Use integration by parts to derive the reduction formula

al =x"e* —nl  wherel = I x"e%dx .

[4 marks]
(i)  Hence, or otherwise, determine J'x3 e>dx.

[6 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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1
(b) Calculate Io

[5 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(c) (i)  Use partial fractions to show that
2 -x+4 | X 1
x'+4x x x*+4 244
[S marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(i)  Hence, or otherwise, determme_’l JEN dx .

[5 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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SECTION B
Module 2
Answer BOTH questions.

3. (a) (i)  Determine the Taylor series expansion about x = 2 of the function
f(x) = In (5 + x) up to and including the term in x°.

[6 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(i)  Hence, obtain an approximation for f (7) — In (7).

[2 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(b) (i)  Use mathematical induction to prove that

1
P+22+.. +n= z—nz(n+ 1%, forn € N.

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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[9 marks]
GO ON TO THE NEXT PAGE
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2n+
(i)  Hence, or otherwise, show that Y #£=Qn+1)*(n+ 1)~

i=1

[3 marks]
(iii)  Use the results of Parts (b) (i) and (ii) to show that
n+1
2 QRIi-1)P=m+ 1R +4n+1).
i=1
[S marks]
Total 25 marks
GO ON TO THE NEXT PAGE
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4. (a) Eight boys and two girls are to be seated on a bench. How many seating arrangements
are possible if the girls can neither sit together nor sit at the ends?

[5 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017

| 00 00 ]

0223402018


HOD
Rectangle


-19 -

1
(b) (i)  Show that the binomial expansion of (1 + — x)® up to and including the term in
x'is 8
7 7 35
l+x+—x+—x+ x*.
16 64 2048
[4 marks]
(i) Use the expansion to approximate the value of (1.0125)%.
[4 marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(©) (i)  Use the intermediate value theorem to show that f (x) = /x — cos x has a root in
the interval [0, 1].

[3 marks]

(i)  Use two iterations of the interval bisection method to approximate the root of f
in the interval [0, 1].

[4 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(d) (i) Showthatx =3 9 —23x,, is an appropriate iterative formula for finding the root

1

of f(x)=-2x"-3x+9.

[2 marks]

(i)  Apply the iterative formula with initial approximation x, = 1, to obtain a third
approximation, x,, of the root of the equation.

[3 marks]
Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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SECTION C
Module 3

Answer BOTH questions.

5. (a) The following Venn diagram shows a sample space, S, and the probabilities of two events,
A and B, within the sample space S.

(i) Giventhat P (4w B)=0.7, calculate P (4 only).

[3 marks]

(i) Hence, determine whether events 4 and B are independent. Justify your
answer.

[2 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(b) Two balls are to be drawn at random without replacement from a bag containing 3 red
balls, 2 blue balls and 1 white ball.

(i)  Represent the outcomes of the draws and their corresponding probabilities on a
tree diagram.

[4 marks]
(i)  Determine the probability that the second ball drawn is white.
[3 marks]
GO ON TO THE NEXT PAGE
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1 -1 1 30 -12 2
(c)  Giventhe matrices4={ 1 2 4} B={ > -8 3]
1 3 9 =5 4 1

(i) show that AB = 201.

[5 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(ii) Hence, deduce the inverse, 4™, of the matrix A4.

[2 marks]
(iii)  Hence, or otherwise, solve the system of linear equations given by
x— y+ z= 1
x -2+ 4z = 5
x+ 3y +9z =25
GO ON TO THE NEXT PAGE
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[6 marks]

Total 25 marks

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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. : : : dy 3
6. (a) (i)  Find the general solution of the differential equation (1 + x%) d_x + 2xy = \/; .
[7 marks]
GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(i)  Hence, given that y =2 when x = 0, calculate y (1).

[3 marks]

(b) (i)  Use the substitution # = )’ to show that the differential equation
y" + 4y’ = 2cos 3x — 4sin 3x can be reduced to u’ + 4u = 2cos3x — 4sin 3x.

[2 marks]

GO ON TO THE NEXT PAGE
02234020/CAPE 2017
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(i)  Hence, or otherwise, find the general solution of the differential equation.

GO ON 'TO THE NEXT PAGE
02234020/CAPE 2017
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0223402029
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[13 marks]
Total 25 marks
END OF TEST

IF YOU FINISH BEFORE TIME IS CALLED, CHECK YOUR WORK ON THIS TEST.
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